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Preface

This book is written with the intention of presenting a systematic description of the
underlying concept of fractals in a range of topics in condensed matter physics. The
idea of fractals is based on self-similarity, which is a symmetry property of a system
characterized by invariance under an isotropic scale transformation. This concept
can be used to build simple pictures of the realm of nature. In Chaps. 1 and 2, we have
given a brief survey of typical examples of fractal structures. We have also included
a concise account of methods for calculating fractal dimensions characterizing their
fractalities.

The dynamical properties of fractal structures constitutes the first major part of
this book, including spectral densities of states, transport and localization/delocal-
ization of waves. Chapter 3 contains basic results on percolation theory, including
the introduction of various exponents characterizing percolating networks. The no-
tion of percolation satisfactorily describes a large number of dynamic phenomena
observed in fractal structures, such as gelation processes, transport in amorphous
materials, hopping conduction in doped semiconductors, and many other applica-
tions. In addition, it forms the basis for studies of the flow of liquids or gases
through porous media. For the analysis of these dynamic properties, the problem
of diffusion on fractal structures plays a key role. In Chap. 5, we have tried to give
a complete description of all standard results on anomalous diffusion, including its
relevance to the dynamics of fractal networks. The results in this chapter are applied
to the dynamic problems of fractal networks in Chap. 6. We include here many
basic results on the dynamics obtained via large-scale numerical simulations. Some
classes of diluted Heisenberg magnets take the geometrical structures of percolating
networks. Spin waves in diluted Heisenberg magnets should reflect their fractali-
ties. This subject is relatively new. Chapters 7 and 8 contain the dynamic scaling
arguments on this subject as well as the important results obtained by large-scale
numerical simulations.

Another central issue in this book is the concept of multifractals. Physical quan-
tities often distribute in a complex manner on fractal or non-fractal (Euclidean)
supports. Multifractals are currently used to describe such complex distributions.
The idea of multifractals, first introduced to analyze energy dissipation in turbulent
flow, has widened our view of intricate distributions observed in various fields of
science. In particular, multifractal analysis provides a number of significant insights
into condensed matter physics, such as current distributions in fractal networks, the
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growth dynamics of diffusion-limited aggregations and viscous fingerings, crystal-
lization on bilayer films, and energy spectra of quasicrystals. Among these, we have
paid special attention to the relevance of multifractals in quantum critical pheno-
mena, e.g., the multifractal property of electron wavefunctions at the metal-insulator
Anderson transition. Multifractal analysis is a standard method for studying quantum
critical properties of the Anderson transition. In Chap. 4, we have tried to familia-
rize the reader with various computational techniques using multifractal exponents,
which are currently used in multifractal analysis. An entire spectrum of exponents
characterizing multifractality at the transition point can be used to identify the uni-
versality class of the system. Chapters 9 and 10 describe the Anderson transition
from the multifractal standpoint.

Our primary concern was to make this book as self-contained as possible and we
hope that this purpose has been achieved by the above arrangements.

Sapporo Tsuneyoshi Nakayama
January 2003 Kousuke Yakubo
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Notation and Abbreviations

ZAF

z2(q)
1D

2D
3D
BP
DID
DLA
DOS
GOE
GSE
GUE
HRN
INS
QHS
SLSP
Sp

Lipschitz—Ho6lder exponent

probability measure at the i th site

box measure of a box b of size [
correlation (or localization) length exponent
mass exponent

correlation (or localization) length

fractal dimension

generalized dimension

density of states

spectral dimension of antiferromagnetic spin-wave fractons
spectral dimension for bending fractons
spectral dimension

spectral dimension for stretching fractons
diffusion exponent

average strain tensor

percolation threshold

dynamic exponent for vibrational fractons
dynamic exponent for antiferromagnetic spin-wave fractons
correlation exponent

one dimension (one-dimensional)

two dimensions (two-dimensional)

three dimensions (three-dimensional)
bond percolation

dipole-induced dipole

diffusion-limited aggregation

density of states

Gaussian orthogonal ensemble

Gaussian symplectic ensemble

Gaussian unitary ensemble

hierarchical resistor networks

inelastic neutron scattering

quantum Hall system

single-length scaling postulate

site percolation
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1. Introduction

Fractals provide a simple description of complex structures in nature and are currently
used in almost every branch of condensed matter physics. Mandelbrot gave a simple
definition of the term fractal: a fractal is a shape made of parts similar to the whole
in some way [1.1]. The idea of the fractal is based on the self-similarity of complex
structures [1.2,1.3].

The significance of fractal research in the physical sciences is that the very
idea of fractals opposes reductionism. Modern physics has developed by making
efforts to elucidate the physical mechanisms of smaller and smaller structures such
as molecules, atoms and elementary particles. An example in condensed matter
physics is the band theory of electrons in solids. Energy spectra of electrons can
be obtained by incorporating group theory based on the translational and rotational
symmetry of the systems. The use of this mathematical tool greatly simplifies the
treatment of systems composed of 10?2 atoms. If the energy spectrum of a unit cell
molecule is solved, the whole energy spectrum of the solid can be computed by
applying group theory. In this context, the problem of an ordered solid is reduced to
that of a unit cell. Weakly disordered systems can be handled by regarding impurities
as a small perturbation to the corresponding ordered systems.

However, a different approach is required for elucidating the physical proper-
ties of strongly disordered/complex systems with correlations, or of medium-scale
objects, for which perturbative approaches are not practical. For these systems, the
concept of fractals plays an important role. Examples of fractal structures in conden-
sed matter physics are numerous: polymers, colloidal aggregations, porous media,
rough surfaces, spin configurations of diluted magnets, and others besides. The criti-
cal phenomena of phase transitions are another example where self-similarity plays
a crucial role [1.4]. The fractal properties of the critical wavefunctions of electrons
themselves at the metal-insulator Anderson transition is a further example in which
self-similarity is relevant.

Fractal structures fall into two categories. One is the deterministic fractal: when
the system is rescaled by a dilatation transformation, it is identical with a part of the
original. The other is the random fractal in which the dilatational symmetry has only
a statistical meaning. Unlike the deterministic fractal, the original random fractal
structure does not overlap at different magnifications. Fractal structures observed in
nature belong mainly to the second category.
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The subject of fractal structures themselves has been treated in many books
[1.1,1.5-1.11]. The present book deals mainly with their dynamic properties, such
as vibrational excitations, transport, and spin waves in fractal structures. Another
topic is the application of multifractals to the quantum phase transition, illustrated
by the Anderson metal-insulator transition, where critical wavefunctions at the
transition point exhibit multifractality.

Random walks on fractal networks are the central issue for investigating a wide
range of dynamic problems. De Gennes opened the way to this subject in his seminal
paper [1.12]. He formulated the problem as follows: An ant parachutes down onto a
site on the percolation network, and executes arandom walk. What is the mean square
distance the ant traverses as a function of time? This problem holds the key to later
investigations into the dynamic properties of fractal structures. The solution given
by Gefen et al. [1.13] and subsequent work by Alexander and Orbach [1.14] greatly
influenced the development of the anomalous diffusion concept and its relevance to
dynamic problems in the context of fractal structures. Chapter 5 provides detailed
descriptions of these subjects. The results obtained in Chap. 5 are applied to the
dynamic problems of fractal networks in Chap. 6.

In some classes of diluted Heisenberg magnets, configurations of magnetic atoms
adopt the geometrical structures of percolating networks. Spin waves in diluted Hei-
senberg magnets should reflect their fractality. Diluted Heisenberg ferromagnets
possess the same dynamic property as percolating elastic networks. This is because
the equations of motion governing ferromagnetic spin waves and elastic vibrations
can be mapped onto the master equation for diffusing particles. However, the linea-
rized equation of motion for antiferromagnetic spin waves differs from the equation
of motion for vibrational or ferromagnetic systems. This indicates that antiferroma-
gnetic spin waves belong to a different class of dynamics. Spin dynamics in these
diluted Heisenberg magnets is currently stimulating considerable research interest.
These subjects are treated in Chaps. 7 and 8.

Fractal features can also be observed in quantum phenomena. Electrons on fractal
structures such as quasicrystals exhibit fractality in their wavefunctions and energy
spectra. This is a direct consequence of the fractal supports. Electron wavefunctions
and energy spectra at the Anderson metal-insulator transition point also possess
fractal properties, although the electrons lie on non-fractal (Euclidean) supports.
In order to describe statistical properties of critical wavefunctions, the concept of
multifractals is very useful. For a quantity distributed in a complex manner in space,
a portion with large values may have a fractal dimension Dg, while a portion with
small values may be described by a different fractal dimension from D¢. When the
fractal dimension depends on the strength of the quantity, the distribution is called
multifractal. In this sense, the distribution of the squared amplitude of a critical wave
function possesses multifractality and an infinite number of exponents are required
to characterize the statistical properties of the wavefunction.

The density of states near the Anderson transition point is generally a smooth
function of the energy and it seems that multifractality does not appear in the energy
spectrum, in contrast to other fractal systems such as quasicrystals. However, if we
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describe the spectral property in terms of a local density of states, the multifractal
nature of the energy spectrum emerges even for the Anderson transition. Multifractal
properties at the Anderson transition point are significant not only for describing
the spatial or energy profile of the critical wavefunction, but also for understan-
ding the critical dynamics of electrons. This is because some of the multifractal
exponents are related to exponents characterizing dynamical properties at criticality.
Electron systems at the transition point are believed to be invariant under the local
scale transformation. In 2D systems, this symmetry (conformal invariance) leads to
a relation between the scaling amplitude and multifractal exponents. Multifractal
analysis at the Anderson transition is crucial for understanding critical properties of
the quantum phase transition. We present detailed descriptions of the relevance of
multifractals to the Anderson transition in Chaps. 9 and 10.



2. Fractals

2.1 Fractal Structures

Fractal structures are classified into two categories, i.e., deterministic fractals and
random fractals. Deterministic fractal structures can be easily understood by pre-
senting some examples. A typical example is the Mandelbrot-Given fractal [2.1],
which can be constructed by starting with a structure with 8 line segments as shown
in Fig. 2.1a (the first stage of the Mandelbrot-Given fractal). In the second stage,
each line segment of the initial structure is replaced by the initial structure itself
(Fig. 2.2b). This process is repeated indefinitely. The Mandelbrot—Given fractal pos-
sesses an obvious dilatational symmetry, as seen from Fig. 2.1c, i.e., if we magnify
a part of the structure, the enlarged portion looks just like the original one.

The Sierpinski gasket is the other well-known example of a deterministic fractal.
It is obtained by extracting iteratively central triangles from triangles in the previous
step. Figure 2.2 illustrates the Sierpinski gasket up to the third stage of the hierarchy.

Deterministic fractal structures are equivalent to self-similar structures. In other
words, fractals are defined to be objects invariant under isotropic scale transforma-
tions, i.e., uniform dilatation of the system in every spatial direction. In contrast,
there exist systems which are invariant under anisotropic (affine) transformations.
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Fig. 2.1. Construction of the Mandelbrot-Given fractal. (a) The initial structure with 8 line
segments, (b) the object obtained by replacing each line segment of the initial structure by
the initial structure itself (the second stage), and (c) the third stage of the Mandelbrot-Given
fractal obtained by replacing each line segment of the second-stage structure by the initial
structure
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(2) () (©

Fig. 2.2. Construction of the Sierpinski gasket. (a) The initial structure with 3 triangles, i.e.,
the structure obtained by extracting a central inverted triangle from an original triangle. (b)
The object obtained by replacing each triangle of the initial structure by the initial structure
itself (the second stage). (¢) The Sierpinski gasket obtained by performing this procedure
iteratively

These are called self-affine fractals [2.2-2.4]. From the above examples of determi-
nistic fractals, we see that there does not exist a characteristic length scale in fractal
structures.

The geometric characteristics of random fractals can be understood by consi-
dering two extreme cases of random structures. Figure 2.3a represents the case in
which particles are randomly but homogeneously distributed in a d-dimensional box
of size L. If we divide this box into smaller boxes of size /, the mass density of the
i th box is

M;(
oi(h) = ld() , 2.1

where M;(I) represents the total mass inside box i.

This quantity depends on the box i. By plotting the distribution function P(p),
we may have curves like those in Fig. 2.3b for two box sizes [; and [, (I; < I;). We
see that the central peak position of the distribution function P(p) is the same for

P(p)

(b)

Fig. 2.3. (a) Homogeneous random structure in which particles are randomly but homoge-
neously distributed, and (b) the distribution functions of local densities p, where p({) is the
average mass density independent of /
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each case. This means that the average mass density

M,‘l i
p() = % (2.2)

becomes constant, indicating that (M;()); 1. In this case, it follows that
p=m/a, (2.3)

where a is the average distance between particles and m the mass of a single particle.
This indicates that there exists a single length scale a characterizing the random
system given in Fig. 2.3a.

The other type of random structure is shown in Fig. 2.4a, where particle positions
are correlated with each other and p; () greatly fluctuates from box to box, as shown
in Fig. 2.4b. The relation (M;(l)); o ¢ may not hold at all for this type of structure.
Assuming the power law (M;(])); o 1P%, the average mass density becomes
(M; (D))

d

() = X P2 (2.4)

provided that p; (/) = 0 is excluded. In the case Dy < d, p(l) decreases with increa-
sing . There is thus no characteristic length scale for the type of random structure
shown in Fig. 2.4a. If (2.4) holds with D < d, so that (M;(})); is proportional to
1Pt | the structure is said to be fractal in a statistical sense. For both deterministic and
random fractals, no characteristic length scale exists, and this is an important feature
of fractal structures.

P(p)

(@) | ()

Fig. 2.4. (a) Correlated random fractal structure in which particles are randomly distributed,
but correlated with each other, and (b) the distribution functions of local densities o with finite
values, where the average mass densities depend on /

2.2 Fractal Dimensions

We know from experience that the spatial dimensions of a line and a plane are 1
and 2, respectively, and we understand the meaning of 3D space. These Euclidean
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/

(a) (b) (©)

Fig. 2.5. A line divided into two segments (a), a square divided into four parts (b), and a cube
divided into eight parts (c)

dimensions d take integer values. One definition for this quantity is as follows:
suppose we are to divide a line, a square and a cube into identical forms whose sides
are half the length. We thus divide the line into 2 smaller ones, and the square and
the cube into 4 and 8 smaller ones, respectively (Fig. 2.5). The numbers 2, 4, and 8
can be related to d by N(2) = 2¢. The exponent d (= 1, 2, 3) is given by

de log N(2)
log2

, (2.5)
where the Euclidean dimensions d take integer values.

We generalize this definition of dimension to fractal structures. Deterministic
fractal structures can be composed of N(a) identical parts of size 1/a, as explained
in Sect. 2.1. Extending (2.5), the generalized dimension is defined by

log N
Dy = log N(a) 2.6)
loga
where the quantity Dy is not restricted to integer values. This implies
N(a) = a®f . 2.7

The exponent D is called the similarity dimension. For example, Iet us apply this
definition to the Mandelbrot—Given fractal shown in Fig. 2.1. The Mandelbrot—Given
fractal is composed of 8 parts of size 1/3. Hence, from (2.6), the similarity dimension
Dy for this structure is

Dy =log; 8 =1.89278 ..., (2.8)

which takes a fractional value. The same procedure applieds to the Sierpinski stru-
cture of Fig. 2.2. Its self-similarity is recognized from the fact that Fig. 2.2a is
composed of 3 identical parts of size 1/2, which gives

Ds =log,3 =1.58496... . 2.9)
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These similarity dimensions are smaller than the embedding dimension dg = 2. The
relation Dy < dg generally holds for fractal structures observed in nature.
Although the similarity dimension extends the concept of dimensions to non-
integer values, the similarity dimension can be defined only for deterministic fractals.
In order to allocate a dimension to a random fractal structure, it is necessary to in-
troduce definitions of dimensions other than the similarity dimension. The capacity
dimension and the Hausdorff dimension are suitable for this purpose [2.2]. These
dimensions are based on the coverage procedure. Here we will not touch on the
mathematical details, but rather try to understand the intuitive meaning. This is be-
cause a rigorous calculation of the capacity dimension or the Hausdorff dimension is
generally difficult, and physics does not generally require such a rigorous treatment.
Let us consider again the dimensions of shapes in Fig. 2.5. We try to cover a
line segment, a square, and a cube with spheres of radius /. It is obvious that the
least numbers N(I) of spheres required to cover the whole shapes are proportional to
(L/D), (L/D?, and (L/1)* for the line segment, the square, and the cube, respectively,
where L is the size of the shapes. This gives a new definition of dimension as

N 177, (2.10)

where D is the capacity dimension. It is possible to evaluate D for a random fractal
structure such as the one shown in Fig. 2.4a. As discussed in Sect. 2.1, the average
number of particles in a box of size [ is given by (M;(1)); o [Pf. The total number of
particles in the system is proportional to N(I){M;(l));, where N(I) is the number of
boxes, excluding empty boxes. Since the total particle number does not depend on /,
we have N(I) o [~Pf. This implies that the exponent D; defined by (2.4) is nothing
but the capacity dimension D of the system. The capacity dimension can be defined
for deterministic fractals as well.

We can calculate the capacity dimension of the Mandelbrot-Given fractal
in Fig. 2.1. The Mandelbrot-Given fractal of unit size satisfies N(1/3) = 8§,
N((1/3)%) = 82, and so on. We thus have a relation of the form

N() o [~ lossd (2.11)

which gives D = logs 8. The exponent log; 8 = 1.89278 . .. is identical to the simi-
larity dimension Dy of the Mandelbrot—Given fractal obtained in (2.8). The capacity
dimension of any deterministic fractal is always the same as its similarity dimension.
The Hausdorff dimension is defined similarly to the capacity dimension, where the
radii of covering spheres are not constant but less than /. The Hausdorff dimension
coincides with the capacity dimension for many fractals in nature, although the
Hausdorff dimension is mathematically less than or equal to the capacity dimension.
There exist non-integer dimensions other than the similarity, the capacity, and the
Hausdorff dimensions, such as the information dimension and the correlation di-
mension, as will be introduced in Chap. 4. Sometimes these take the same value and
sometimes not. While the fractal dimension Ds is often defined as a generic term
among these non-integer dimensions, this book refers to the capacity dimension as
the fractal dimension.
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2.3 Methods for Obtaining Fractal Dimensions

There are several methods for obtaining fractal dimensions Dy of fractal objects,
especially useful for random fractal structures. In general, we use more than one
method to determine the fractal dimension D¢ of the object. The following methods
for obtaining the fractal dimension D are known to be quite efficient [2.5].

Physical Measures. In mathematics, length, area, and volume are special cases of
measures. For example, length is the measure of a 1D object, area the measure of a
2D object, and volume the measure of a 3D object. By extending this notion, we can
evaluate non-integer dimensions of fractal structures.

Let us consider the example of a cube with unit linear dimension. Magnifying
the linear dimension by a factor of two, the surface area S and the volume V become
22 and 23 times as large as those of the original cube, respectively (Fig. 2.5). Hence,
when the linear dimension L is magnified » times, S'/2 and V!/3 become # times as
large. The following relation therefore holds between the length L and the Euclidean
measures Sand V :

LS vi3, (2.12)
This relation leads us to expect the following relation for fractal objects:
L o M(L)V/Pr (2.13)

where Dy is the fractal dimension and M a suitable measure. In fact, Dy defined
by (2.13) is equivalent to the capacity dimension defined by (2.10) if we chose M
appropriately.

As an example, we consider a set of particles with unit mass m distributed in a
d-dimensional space. We can determine the fractal dimension Dy in the following
manner. Draw a sphere of radius r and denote the total mass of particles included in
the sphere by M(r). If the particles are uniformly distributed in space, M(r) becomes

M@) o r? (2.14)

where d is the Euclidean dimension taking integer values. When generalizing this
relation to a random fractal such as Fig. 2.4a, we should note that M(r) is an average
mass over spheres with different centers. The fractal dimension Df of the mass
distribution is determined from the relation

(M) ocrPr (2.15)

where (- - - ) denotes the average over different spheres of radius 7.

This method is efficient if we know a suitable measure for a fractal object. The
percolating network illustrated in Fig. 2.6 is a typical example of such a fractal,
where the suitable measure is the number of particles. For 2d percolating networks,
we have a power law of the form

(M(r)) o r' (2.16)

for the particle distribution, as shown in Fig. 2.6b. This means that the fractal
dimension of this system is Df = 1.89....
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Fig. 2.6. (a) 2D site-percolating (SP) network and circles with different radii. (b) The power
law relation between r and the number of particles in the sphere of radius r

Molecular Adsorption Method. The idea of coverage in the definition of the
capacity dimension can be applied to obtain the fractal dimension D; of material
surfaces. An example is the fractality of rough surfaces or porous media. The fractal
nature is probed by changing the sizes of adsorbed molecules on solid surfaces.
Power laws are verified by plotting the total number of adsorbed molecules versus
their size r. The area of a surface can be estimated with the aid of molecules weakly
adsorbed by van der Waals forces. Gas molecules are adsorbed on empty sites until
the surface is uniformly covered with a layer one molecule thick. Provided that we
know the radius r of one adsorbed molecule and the number of adsorbed molecules
N(r), the surface area S obtained by molecules is given by

S = N(rar?® . (2.17)

If the surface of the adsorbate is perfectly smooth, we expect the measured area to
be independent of the radius r of the probe molecules, which indicates the power
law

N(@) ocr? (2.18)

However, if the surface of the adsorbate is rough or contains pores that are small
compared with r, less of the surface area § is accessible with increasing size r. For
a fractal surface with fractal dimension Dy, (2.10) gives the relation

N@) ocr=Pr, (2.19)
and we have from (2.17)

S(r) o r¥0r (2.20)



12 2. Fractals

Box-Counting Method. This method is convenient for computer calculations and is
essentially the same as the molecular adsorption method mentioned above. Consider
as an example a set of particles distributed in a space. First, we divide the space
into small boxes of size [ and count the number of boxes containing more than one
particle, which we denote by N(I). From the definition of the capacity dimension
(2.10), the number of boxes is

N() < I7Pf . (221

For homogeneous objects distributed in a d-dimensional space, the number of boxes
of size [ is, of course, given by

N() 17 . (2.22)

Correlation Function. The fractal dimension Ds can be obtained via the correlation
function, which is the fundamental statistical quantity observable in X-ray, light,
and neutron scattering experiments. Since these techniques are applicable to bulk
materials (not surfaces), this method is widely used in condensed matter physics. Let
p(r) be the number density of atoms at position . The density—density correlation
function G(r, ') is defined by

G(r,r") = (p(r)p(r)), (2.23)

where (- - - ) denotes an ensemble average. This gives the correlation of the number-
density fluctuation. Provided that the distribution is isotropic, the correlation function
becomes a function of only one variable, the radial distance r = |r — '|, which is
defined in spherical coordinates. Due to the translational invariance of the system
on average, ' can be fixed at the coordinate origin, i.e., 7 = 0. We can write the
correlation function as

G(r) = (p(r)p(0)) . (2.24)

The quantity {(o(r)p(0)) is proportional to the probability that a particle exists at
a distance r from another particle. This probability is proportional to the particle
density o(r) within a sphere of radius r. Since o(r) o« r?f= for a fractal distribution,
the correlation function becomes

G(r) oc P (2.25)

where Dr and d are the fractal and the embedded Euclidean dimensions, respectively.

The scattering intensity in an actual experiment is proportional to the structure
factor S(g), which is the Fourier transform of the correlation function G(r). The
structure factor is calculated from (2.25) as

1 .
S(g) = % / G(re v dr ccg™?" (2.26)
v
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where V is the volume of the system. Here we use the fact that the d-dimensional
volume element is given by dr o 74! sin?~20drddde;dg;, . ..dg,—, in spherical
coordinates, where 6 is the angle between g and r and ¢, ¢, ... are azimuthal
angles. Using this relation, we can determine the fractal dimension Dy from the data
obtained by scattering experiments.

When applying these methods to obtain the fractal dimension D¢, we need
to take care over the following point. Any fractal structures in nature must have
upper and lower limits for their fractality. Fractal properties should be observed
only between these limits. These limits play important roles in condensed matter
physics. To illustrate this, we show in Fig. 3.4 in Chap. 3 the calculated results of
S(g) for 2D bond-percolating (BP) and site-percolating (SP) networks at the critical
concentration p.. We will see the difference between the lower limits for BP and SP
networks.

2.4 Fractal Dimension of Aerogels

It is known that aerogels adopt fractal structures. Aerogels are obtained by the method
found by Kistler [2.6], which produces extremely light materials with porosities as
high as 98%. The initial step in the preparation of silica aerogels is the hydrolysis
of an alkoxysilane Si(OR)4, where R is CHs or C;Hs. The hydrolysis produces
silicon hydroxide Si(OH)4 groups which polycondense into siloxane bonds —Si—O-
Si—, and small particles start to grow in the solution. These particles bind to each
other by cluster—luster aggregation, forming more siloxane bonds, until eventually
they produce a disordered network filling the reaction volume. At this point the
solution gels. The reactions are not normally complete at this gel point and the
cluster networks continue to grow in the alcogel phase. After suitable aging, if the
solvent is extracted above the critical point, the open porous structure of the network
is preserved and decimeter-size monolithic blocks with a range of densities from 50
to 500 kg/m® can be obtained.

These blocks have a very low thermal conductivity, solid-like elasticity, and
very large internal surfaces. As a consequence, aerogels exhibit unusual physical
properties, making them suitable for a number of practical applications, such as
Cerenkov radiation detectors, supports for catalysis, or thermal insulators. Silica
aerogels possess two different length scales. One is the radius r of primary particles.
The other length is the correlation length of the gel. At intermediate length scales,
lying between these two length scales, the clusters possess a fractal structure and
at larger length scales the gel is a homogeneous porous glass. Figure 2.7 shows a
computer-simulated microscopic aerogel structure at a length scale comparable to
the correlation length &, which is of order 100-200 nm for 2% density. This figure
was obtained by applying the diffusion-limited cluster-aggregation model.

In elastic scattering experiments, the scattering differential cross-section mea-
sures the Fourier components of spatial fluctuations in the mass density. For acrogels,
the differential cross-section is the product of three factors, and is expressed by
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Fig. 2.7. Computer-simulated structure of an aerogel found by applying the diffusion-limited
cluster-aggregation model. (Courtesy of T. Haard)

& AP@S@C@ + B (2.27)
ds

Here A is a coefficient proportional to the particle concentration and f(q) is the
primary-particle form factor. The structure factor S(g) describes the correlation
between particles in a cluster and C(g) accounts for cluster—cluster correlations. The
incoherent background is expressed by B. The structure factor S(g) is proportional
to the spatial Fourier transform of the density—density correlation function defined
by (2.24), and is given by (2.26). Since the structure of the aerogel is fractal up
to the correlation length £ of the system and homogeneous at larger scales, the
correlation function G (r) is expressed by (2.25) for r <« & and G (r) = Const. for
r > &. Corresponding to this, the structure factor S(g) is given by (2.26) for g& > 1,
while S(g) is independent of g for g¢ « 1. The wavenumber regime for which S(g)
becomes a constant is called the Guinier regime. The value of Dy can be deduced
from the slope of the observed intensity versus momentum transfer (¢g§ > 1) in
a double logarithmic plot. For very large g, there exists a regime called the Porod
regime in which the scattering intensity is proportional to g—*.

The beautiful results in Fig. 2.8 are from elastic scattering experiments on silica
aerogels [2.7]. The various curves are labelled by the macroscopic density p of
the corresponding sample in Fig. 2.8. For example, 95 refers to a neutrally reacted
sample with p = 95 kg/m?>. Solid lines represent best fits. They are presented even
in the particle regime (g > 0.15 A~!) to emphasize that the fits do not apply in
that region, particularly for the denser samples. Remarkably, D¢ is independent of
sample density to within experimental accuracy: Dy = 2.40 % 0.03 for samples 95
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to 360. The departure of S(g) from the g~ ¢ dependence at large g indicates the
presence of particles with gyration radii of a few A.

2.5 Brownian Motion and its Fractal Nature

Pioneering work by Einstein [2.8,2.9] opened the way to investigating the movement
of small particles suspended in a stationary liquid, i.e., Brownian motion. Figure 2.9
shows a typical example of the Brownian track of a putty grain of radius 0.53 pm
[2.101, where its positions are measured every 30 s. Einstein [2.8,2.9] demonstrated
that Brownian motion can be reduced to a random walk. Since the trail of a random
walker provides a good example for understanding the meaning of random fractals,
we describe the details here.

The treatment of Brownian motion is simplified by replacing the molecule by
an ant on a regular lattice. Suppose that the ant executes a random walk by taking
a step every second on a d-dimensional lattice. The ant starts at time t = 0 from
an arbitrary point of the lattice. The number of possible orientations w for the ant
depends on the dimensionality. We have w = 2 for a 1D chain, w = 4 for a 2D
square lattice, and w = 6 for a 3D cubic lattice. If the ant walks in each direction
with equal probability, the probability of choosing any given walking direction is
p = 1/w at each time step.
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Fig. 2.9. Brownian motion of a putty grain of radius 0.53 um. Positions are measured every
30s[2.10]

As a simple example, consider Brownian motion in a 1D chain, for which we
have w = 2 (right or left orientations) and p = 1/2. The displacement of the ant in
one step is assumed to be unity. The position of the ant at the N th time step becomes

N
*(N) = Za(i) , (2.28)

i=1
where a(i) takes values £1 with probability 1/2. The expectation value of a(i) is
given by

2
(a®) =Y an(i)p=0, (2.29)
where a,, (i) is the possible value of a(i), i.e., a; (i) = 1 and a»(i) = —1. This leads
to
(x(N)) =0. (2.30)
Using (2.28), the mean-squared displacement is given by
N
(V) =Y (a(da(j)) = Z<a2<z) = 2.31)
i,j=1

This is the case for independent events.
The relations (2.30) and (2.31) hold for Brownian motion in a lattice of any
dimensions. The position of the ant at the N th time step is now expressed as

7(N) = x(Ny)er + y(N)ex + - - -, (2.32)



2.5 Brownian Motion and its Fractal Nature 17

where e; is the unit vector along the lattice coordinates, x(N;), y(N,), ... are dis-
placements in 1D Brownian motions, given by (2.28), and N = N; + N, 4 ---. The
expectation value of r(N) is

(r(N) =0, (2.33)

because (x(N;)) = (y(Nz)) = ... = 0, as shown by (2.30). The vector r is
considered as the end-to-end vector of the displacement after N steps. This is a
natural result because the ant chooses a site as a completely independent event.
However, the mean-squared displacement of the ant becomes finite and increases
monotonically with N as shown below. The displacement vector r after N steps is
the sum of N vectors

N
r=a()+a@+ - +aN) =) al), (2.34)

i=1

where a(i) is the displacement vector at the i th step and |a(i)|] = 1. The mean-
squared displacement is

N

(r’) =Y (a() - a())) =Za @) = (2.35)

i,j i=1

where all cross-terms vanish after averaging. From (2.35), we see that the spatial
extent of the random walk grows as r = N'/2,

Suppose that the ant carries a bag filled with grains of rice and leaves behind a
single grain at each step. Hence, the analog of the trail of the ant is the distribution of
grains of rice. This analog makes it possible to regard the number of steps N as the
total mass of distributed grains of rice M. Using (2.35), this leads to the important
relation

M@r) x r?, (2.36)

where M(r) is the mass of grains of rice within a sphere of radius r. Since the mass
M(r) can be considered as a measure of the random walk, the fractal dimension of
distributed grains due to the Brownian motion becomes D¢ = 2, from the definition
(2.15).



3. Percolating Networks as Random Fractals

The theory of percolation was initiated in 1957 by Broadbent and Hammersley [3.1]
in connection with the diffusion of gases through porous media. At that time Broad-
bent was a researcher at the British Coal Utilization Research Association working
on the design of gas masks made of porous filters. He noticed that if pores are wide
and well connected, the gas molecules penetrate deep into the filter. Otherwise the
gas cannot pass through. He brought this problem to the mathematician Hammers-
ley [3.2]. They developed the geometrical and probabilistic theory of percolation.

Since their work, it has been widely accepted that percolation theory describes
a large number of physical and chemical phenomena such as gelation processes,
transport in amorphous materials, hopping conduction in doped semiconductors, the
quantum Hall effect, and many other applications. In addition, it forms, of course,
the basis for studies of the flow of liquids or gases through porous media [3.3]. It
was first noticed by Stanley [3.4] that a percolating network is a fundamental model
describing geometrical features of random systems and that it constitutes a fractal
structure. Percolating networks thus serve as a model which helps us to understand
physical properties of complex fractal structures [3.5].

In the present chapter, we focus our attention on the critical behaviour of percola-
ting networks, particularly with regard to their scaling properties. The scaling ansatz
is an important physical postulate, useful for investigating the critical behaviour
of percolating networks. This chapter also presents the physical model called the
nodes—links-blobs model, which gives a good description of the static and dynamic
properties of percolating networks.

3.1 Critical Exponents and Scaling Relations

The percolation theory describes properties of critical phenomena, which include
thermodynamic second-order phase transitions. The second-order phase transition is
a phenomenon whereby the macroscopic state of a system alters due to the formation
of akind of order in the system. A common feature of second-order phase transitions
is that the so-called correlation length &(7) diverges at the critical temperature 7.
according to the power law

E=GEolT-Tc|™", (3.1
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where Z is a constant prefactor and v is the divergence of £(7) with temperature T.
It is well established that critical behaviour is dominated by one and only one length
scale &. At temperatures T > T, ordered clusters of finite sizes appear in the system.
When T approaches the critical point T, clusters grow and merge together to form
an infinite cluster.

In the percolation theory, the occupation probability p of sites or bonds plays
the same role as the temperature in thermal critical phenomena. In the analogy with
(3.1), the correlation length &, defined as the root-mean-square distance between two
occupied sites i and j within the same cluster, should diverge at a certain value of
Pc according to

&= Eolp—pel™". (3.2)

This will be discussed in detail later. Hereafter, we call p. the percolation threshold
or the critical concentration. We emphasize that p, is defined for infinite systems
and the correlation length £ is defined as an average value. In the scaling theory of
percolation, the correlation length & is assumed to be a unique characteristic length
scale, as in the case of thermal phase transitions. This assumption provides a basis
for the scaling ansatz which will be presented later in this section. The difference
between second-order thermodynamic phase transitions and percolation transitions
is that decreasing temperature 7 corresponds to increasing p. The exponent v in
(3.1) is called the correlation length exponent. For an infinite cluster obtained at
P = Pp., the characteristic length scale & of the system diverges, indicating that the
length scale vanishes in the system. This reminds us of the formation of a fractal
structure without a characteristic length scale, i.c., a scale-invariant system.

There are two kinds of percolating networks: site percolating and bond perco-
lating. To construct a site-percolating (SP) network, each lattice point (site) of an
initially prepared d-dimensional lattice is occupied at random with probability p.
Sites are connected by bonds if they are adjacent along a principal direction. In a
bond-percolating (BP) network, adjacent lattice points are randomly connected by
bonds on a d-dimensional lattice with probability p. For both types of percolating
network, if p is sufficiently small, we have small clusters connected to each other as
shown in Fig. 3.1. With increasing p, cluster sizes become large. A critical concen-
tration p. exists such that, for p > p., a connected cluster will extend continuously
across the lattice. The latter is referred to as an infinite cluster. The structural diffe-
rence between SP and BP networks is on a short scale, i.e., a bond has more nearest
neighbors than a site. For example, in a 2D square lattice, a given bond can be con-
nected to six nearest-neighbor bonds, whereas a site has only four nearest-neighbor
sites. We have illustrated SP and BP networks in Fig. 3.2. This is why BPs always
have a smaller p. than SPs. Table 3.1 shows the values of p. for various lattices and
dimensions.

Percolating networks are characterized by quantities describing geometrical pro-
perties such as the order parameter Pu,(p), the number of finite clusters E(p), the
average cluster size S(p), and the correlation length &(p). All these quantities are
defined as moments of a distribution function n;(p) of the number (per site) of finite
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Fig. 3.1. Finite clusters with different sizes are distributed on a 2D square lattice. Cluster sizes
s are indicated
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Fig. 3.2. (a) Site-percolating network formed on a 2D square lattice and (b) bond-percolating
network at the critical concentration p.. The difference between these is only crucial at
short-range scales

clusters of size s (site number). The critical structure of percolating networks at p,
allows us to apply the scaling ansatz for the distribution function n;(p). The scaling
ansatz is based on the idea that there exists a unique characteristic length scale & in
a percolating network close to the critical point p.. This length & provides a chara-
cteristic cluster size s¢(p), namely, the largest cluster size for p < p. or the largest
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Table 3.1. Values of p. for various lattices and dimensions

d Lattice Sites Bonds
Square 0.592746010.0000005 1/2
Triangle 12 2 sin(r/18)?

2 Honeycomb 0.6962 1 — 2sin(zr/18)°
Kagome 0.652704 0.524430
Penrose 0.5837+0.0003 0.4770+0.0002
Simple cubic (1stnn)  0.31161 0.2488+0.0001

Simple cubic (2nd nn)  0.137
Simple cubic 3rdnn)  0.097

3 Body-centered cubic 0.245 0.1795+0.0003
Face-centered cubic 0.198 0.119
Diamond 0.428 0.388
4 Simple cubic 0.19740.001 0.16005+0.00015
5 Simple cubic 0.14110.001 0.1181940.00004
6 Simple cubic 0.108 0.09420+0.0001
7 Simple cubic 0.085 0.078685+0.00003
d— o0 1/(2d — 1) 1/(2d — 1)
Cayley tree 1/z—-1 1/(z—-1)

2 25in(rr/18) = 0.34729.
b1 — 2sin(7/18) = 0.65271.

void size for p > p. [3.5]. This implies that any statistical quantity as a function of
the cluster size s can be scaled by s:(p) alone. The distribution function n,(p) as a
function of s is then expressed as

ny(p) =s "Fls/s;(p)] (3.3)

where F(x) is an unknown function and 7 an exponent. The quantity s¢(p) is a fun-
ction of £. The functional form should be a power of &, otherwise new characteristic
length scales are introduced. Therefore, close to p, sz(p) takes the form

sg(p) o |p — pel V7, (3.4)

where we introduce a new exponent 7. An alternative form of (3.3) for p — p. is
found from (3.4) to be

ny(p) = s Fl(p — pc)s"], (3.5)

where F(x") = F(x). Scaling forms for various physical quantities characterizing
the network are related through (3.5), which we will describe below [3.5].

The Exponent 3. The probability P (p) that a site belongs to the infinite cluster
is associated with the exponent B. Note that Py (p) is finite for p > p., while
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P (p) = 0for p < p.. Since an occupied site must either be in a finite cluster or in
the infinite cluster, we have the relation

Pu(p)+ ) ni(p)s=p. 3.6

For p < p., only finite clusters exist and ) n,(p)s = p. When p approaches p.
(p > pc), the above relation can be written in the form

Poo(p) = Y [ns(pe) — ns(p)ls + (p — pe) . (3.7)

using the relations Poo(pc) = 0 and ), ny(pc)s = pc. With the help of (3.5), (3.7)
becomes

Paolp) = / S [FO) — FO)]ds + (p— po) (3.8)

where the definition y = (p — p.)s” is used. Changing the variable s to y, (3.8)
yields

Po(p) =Po(p—p)f +(p—p), forp>pc, (3.9)

where Py is the constant prefactor given by
o0 ~ ~
Py = / YOI TIE©O) — F()1dy (3.10)
0

and the critical exponent 8 is defined as

p=t"2 (.11)
n

The quantity P, (p) was first introduced by Broadbent [3.6] and corresponds to the
order parameter for thermal critical phenomena. Since the order-parameter exponent
B should always be less than unity but positive, the first term of (3.9) dominates for
P — pc < 1. Hence,

Ps(p) = Po(p— po)?,  forp> p.. (3.12)

We should note that Py, (p) is proportional to p when approaching unity, as shown
in Fig. 3.3.1

11t is obvious from the definition that Pso(1) = 1. If p is close to unity, voids including
plural vacant sites may be very rare since such a void requires vacant sites to gather around
one vacant site. The probability of such an event is quite low. This factor is safely neglected
and we have the simple relation Py (p) = pas p — 1 [3.3].
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Fig. 3.3. Concentration dependence of the correlation length £ and of the probability Ps, of
finding a site belonging to an infinite cluster (order parameter)

The Exponent «x. This is the exponent for the total number of finite clusters E(p).
It is related to the number n,(p) of clusters of size s by

B = Y onp) = [ 7 Filp = poslds (3.13)

We can find the p-dependence of E(p) by the same procedure as in the case of (3.9).
To leading order in |p — p.|, E(p) behaves as

E(p) o |p— pel*™, (3.14)
where the critical exponent « is defined as

1—1
n

o= +2. (3.15)
For thermal phase transitions, o corresponds to the exponent of specific heat, and
E(p) to the free energy.

The Exponent «. The average cluster size S(p) (number of sites or bonds) of finite
clusters can also be obtained from the moment of n;(p). The quantity given by

sng(p)
(p) = —1 3.16
w,(p) S ons(p) (3.16)

is the probability that an occupied site belongs to a cluster of s sites. The average
cluster size S(p) is written as

Z s°ns(p) 3.17)

S(p) = sts(p) )
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In the limit p — pc, >, sns;(p) = p. holds and (3.17) becomes

s*ns(p)
S(p) == (3.18)
C
Substituting (3.5) into (3.18), we obtain
S(p) = Solp — pel™”, (3.19)
where Sy is the constant prefactor and the exponent y is defined as
3
y="-Z. (3.20)
n

For thermal critical phenomena, the analogous quantity is the susceptibility.

g th Moment. The quantities E(p), Poo(p), and S(p) are the zeroth, the first, and
the second moments of the distribution function 7, (p). All the statistical quantities of
the cluster distribution are characterized by the moments of 7, (p). The g th moment
M, (p) of ns(p) can be calculated in a similar way to (3.12), (3.14), or (3.19) as

My(p) o< (p — po)™ (3.21)
where the exponent A, is defined by
T—qg—1

- .

It is quite important to note that the exponent of the g th moment depends linearly on
g. This fact leads to simple and useful relations between exponents, i.€., the so-called
scaling relations. We will see some of these scaling relations in Sect. 3.3. It should be

emphasized that the linearity of A, with respect to g is a consequence of the scaling
ansatz.

hy = (3.22)

The Exponent v. The lower cutoff scale characterizing the percolating network
is the lattice spacing a of the original network. There exists another characteristic
length &(p), called the correlation length, mentioned at the beginning of this section.
We shall see below that the correlation length £(p) behaves as (3.2).

The correlation length &(p) is defined as the root-mean-square distance between
two occupied sites in the same cluster, averaged over all finite clusters. The average
distance between two sites in clusters of size s is defined by

1
R = 53 <X,: [r; — rj|2> , (3.23)
A

where 7; is the position vector of site i, the summation is taken over all pairs of sites
in a cluster of size s, and (- - - ); denotes the average over all clusters of size s. Here
we consider the probability z(p) that a cluster including a given occupied site has
the size s. This probability is given by

s2ng

z2(p) = R

(3.24)
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because s, is the probability that a site belongs to a cluster of size s. The correlation
length is an expectation length of R; with the probability z(p), i.e.,

3 R2s™n,
£X(p) = ijzw)RE =S (3.25)

It should be noted that there exist other ways to take the average of Ry, such as
>, R2sn,/ Y snsand Y R?ng/ Y n,. Average lengths obtained by such proce-
dures have different meanings from £ defined by (3.25). The correlation length & is
the expectation value of the linear dimension of a cluster to which a given occupied
site belongs, but not the expectation value of the linear dimension of a given cluster.
We postulate the scaling form for R; as in the case of (3.9),

Ry =s"H[(p— po)s"] , (3.26)

where @ is a new critical exponent. With the help of (3.5) and (3.26), (3.25) leads
to the relation

&(p) = Eolp — pcl™ (3.27)

for the correlation length, where ) is a constant prefactor and the exponent v is
given by

v=— . (3.28)
n

The correlation length £(p) represents the characteristic scale of clusters when
P < pe. Since n; is the distribution function of finite clusters, &(p) for p > p. gives
the characteristic scales of finite clusters (excluding an infinite cluster).

We see from (3.26) that the relation R; o s holds at p = p.. This is rewritten
in the form

s(R;) o< RV™ (3.29)

Note that s(R;) can be considered as a measure of the system since s(R;) corresponds
to the total mass M(R;) within a radius R; when sites or bonds have unit mass. From
(2.17), the exponent Df = 1/ can be considered as the fractal dimension of the
percolating network.

In this section, we introduce several exponents describing the critical behaviour of
statistical quantities. It should be emphasized that values of these exponents depend
neither on the underlying lattice type nor the percolation type (SP or BP). This is
because the correlation length &£(p) alone characterizes critical behaviour, and any
other length scales introduced by microscopic details of the systems are irrelevant.
Critical exponents depend only on the dimensionality of percolating networks. This
crucial feature of critical exponents is called universality. Values of critical exponents
are listed in Table 3.2.
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Table 3.2. Percolation exponents for 2D, 3D, 4D and d > 6. Rational numbers give exact
results, whereas those with a decimal fraction are numerical estimates [3.7-3.14]

Exponents d=2 d=3 d=14 d=>5 d(>= 6)
B 5/36 0.405£0.025  0.6394+0.020 0.83540.005 1

y 43/18  1.805+0.02 1.435+0.015 1.185+0.005 1

v 4/3 0.872+0.007 0.678+£0.050  0.571+£0.003 1/2

Dy 91/48  2.48+0.09 3.1240.02 3.69+0.02 4

3.2 Fractal Dimension

The relation between the fractal dimension Dy and the exponents B and v can be
derived from a simple argument. Consider the number of sites M(L) belonging to
an infinite cluster within a box of size L, which is given by

M(L) = L*Py(p) , for p > p. . (3.30)
With the help of (3.12), we can express (3.30) as

M(L) = L Po(p) < L[(p — pe) 177" . (3.31)
Substituting (3.27) into (3.31) leads to

M(L) o L4V . (3.32)

If the relation £ > L holds, we can replace & by L in (3.32), because L is the unique
length scale within the box. This yields the important relation

M(L) o« LY~V = LPr (3.33)
Thus, the fractal dimension Dy is given by

Di=d— g . (3.34)
This relation is called the hyperscaling relation since it depends on the Euclidean
dimension d. The exponents 8 and v are universal, so that D is also universal. Values
of Dy are given in Table 3.2.

If p > pcand L > &, & in (3.32) cannot be replaced by L. In this case, £~#/” in
(3.32) becomes independent of L (but depends on p). Thus, M(L) is proportional to
L4, which means that the structure can be regarded as homogeneous at length scales
larger than &(p). Therefore, the networks with p > p. are homogeneous at length
scales L > & and fractal for L <« &, i.e.,

LPr | LKE,

L, L>E&. (3.35)

M(L) x l
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Fig. 3.4. Structure factor S(g) for 2D SP and BP networks. Dots are for L = 12 systems

(averaged over 20000 realizations), and full curves for L = 6 800. Dotted lines have slope
Dy =91/48 [3.15]

We can interpret £(p) as the length scale up to which the cluster can be regarded as
fractal. We note that percolating networks at p = p, take fractal structures over the
whole length scale.

The lower limit of a length scale /, below which the structure is no longer fractal
depends on the type of percolation, i.e., SP or BP. This is because random filling
produces arelatively small number of neighboring sites around an occupied site in SP
networks, whereas BP networks have many occupied sites on neighbors that are not
directly connected, as mentioned in Sect. 3.1. This significantly influences the short-
range character of these networks. Figure 3.4 presents the results of a calculation by
Stoll et al. [3.15], which indicates that the length scale [, of BP networks is shorter
than that of SP networks by one order of magnitude at p = p..

The Chemical Distance. In the context of the fractal geometry of percolating
networks, we should mention that there is an exponent, besides those described so
far, that is useful for describing the geometrical properties of percolating networks.
This exponent is related to the shortest path from one site in a percolating network
to another. We can define the length of the shortest path R. between sites i and j as
the minimum number of steps by which we can reach j from i along the percolating
path between connected sites. This length R, is known as the chemical distance.
It is not the same as the slant distance between the two points (referred to as the
Euclidean distance). The chemical (or topological) dimension d is defined from

M(R.) o R% | (3.36)

where M(R,) is the number of occupied sites within a sphere of radius R.. From
(3.34) and (3.36), we find that the chemical distance between two sites separated by
the Euclidean distance L takes the form

R, o LPi/de (3.37)
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The ratio Ds/d. = dp, is the fractal dimension of the shortest path. The chemical
dimension d, has been determined numerically and takes the values d. = 1.678 £
0.005 and d. = 1.885 &£ 0.015 for 2D and 3D percolating networks, respectively
[3.16,3.17].

3.3 Finite-Size Scaling and Scaling Relations

So far we have introduced several critical exponents such as «, B, y, T, 1, and Dy.
These exponents are defined through quantities which are moments of the distribution
function n;. The scaling form (3.5) of n; includes two exponents 7 and 7, so that
only two of the critical exponents are independent. In fact, we find the following
relations from (3.11), (3.15), (3.20), (3.28), and (3.34):

a=2—dv, (3.38)
_ ! (3.39)
r] ﬂ + y b .
B
T=24+— (3.40)
B+vy
and
dv=28+1y. (3.41)

Scaling relations depending on the dimensionality, such as (3.34), (3.38) and (3.41),
are called hyperscaling relations, as in the case of (3.34). The upper critical dimension
above which the mean-field theory is valid is d = 6. Mean-field percolation can
be modelled by percolation on a Cayley tree (Bethe lattice). Hyperscaling relations
(3.34),(3.38),and (3.41) are valid only ford < 6, because values of critical exponents
for d > 6 do not depend on the dimensionality.

Values of these critical exponents have been calculated by various numerical
methods: the renormalization group method, cluster expansion methods, and Monte
Carlo calculations, as presented in Table 3.2. These numerical calculations have
been performed on finite percolating networks, although true critical behaviour is
found only in infinite networks. The idea of finite-size scaling gives us an efficient
way to extract reliable information about true critical behaviour from numerical
results for finite-size networks. To describe finite-size scaling, let us consider a
general quantity x(p, L) defined for percolating networks at concentration p on a
d-dimensional lattice of linear dimension L. We assume that this quantity for infinite
systems is proportional to (p — pc)*, i.e.,

x(p) < (p— p)* . (3.42)
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The scaling ansatz suggests that the quantity x should be scaled only by the correla-
tion length &. Therefore, x(p, L) can be written in the scaling form

x(p, L) = §°X(L/§) , (3.43)

where § is an exponent. For infinite systems (L — o0), x(p, L) does not depend
on L. This implies X(z) = Const. for z — oo. Since the quantity x(p, L) behaves
as (3.42) in this case, we have the relation § = yx/v. Thus, the scaling form (3.43)
becomes

x(p, L) =&V X(L/®) , (3.44)
or equivalently
x(p, L) = (p— p)*X[(p — po)L'"] , (3.45)

where X(z) = X(z"). If the correlation length £ is much larger than the system size
L, x(p, L) does not depend on £. In this case, from (3.44), the scaling function X(z)
should be proportional to z~*/, which gives

x(p, L) o L™V for L < &. (3.46)

At the critical concentration p., (3.46) holds for any finite (but large) L because the
correlation length & diverges, i.e.,

x(L) oc L7XV | at p = p. . (3.47)

This implies that we can obtain the value of x from numerical calculations for finite
systems if the exponent v and the critical concentration p, are known.

Values of v and p, can be calculated from finite-size simulations by the following
procedure. Let £2(p, L) be the probability of finding a spanning (percolating) cluster
over a finite system of size L at concentration p. For infinite systems, £2(p) becomes
a step function because 2(p) = 0 for p < p. and £2(p) = 1 for p > p.. If the
system size is finite, there exists a probability of finding a percolating cluster even
for p < p. and also a probability of not finding a percolating cluster for p > pc.
The p-dependence of £2(p, L) for finite L is a smoothly increasing function from
0 to 1 when p is increased from O to 1. This function is also scaled by &, with the
scaling form

2(p, L) =K(L/§) =K[(p—p)L'"] , (3.48)

where K(z) = K(z"). The first derivative of £2(p, L) with respect to p is the
probability that a percolating cluster in a system of size L appears for the first time
at concentration p, because fol (d2/dp)dp = 1. From (3.48), this probability has
the scaling form

ds2

=LYK'[(p—p)L""] . 3.4
i [(p = pIL'"] (3.49)
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Using this probability, we can define the effective percolation threshold peg(L) as

1 ds2
Pt = | P\ dp, (3.50)
0 p

at which clusters in finite systems of size L percolate on average. Substituting (3.49)
into (3.50) yields

pess(L) = pe + L™V, - (3.51)

where ¢ is the constant given by ¢ = f K ’(z)dz. In numerical calculations, pe
can be obtained by putting particles one by one at randomly chosen sites on a d-
dimensional lattice of size L. If we find a percolating cluster for the first time after
N particles have been placed, the threshold concentration for this random sequence
is N/L?. Repeating this procedure many times with different random sequences, the
average value of the threshold concentrations gives peg(L). From (3.51), we plot
Detf — Pe versus L on a log—log scale. This plot gives a straight line for a suitable
value of p. which is the critical concentration for infinite systems. The slope of the
straight line provides the value of the exponent v.

Values of x, v, and p. can also be determined using the scaling form of (3.45)
for x(p, L). This method is more straightforward than the method mentioned above,
but requires more computational effort. We measure the quantity x(p, L) for many
realizations of percolating networks at concentration p, formed on a finite system
of size L, and average x(p, L) over the percolation realizations. Performing similar
calculations for different values of p and L, x(p, L) is obtained for various p and
L. We then plot the quantity X = (p — p.) *x(p, L) as a function of (p — p.)L'",
where x, v, and p. are fitting parameters. Values of x, v, and p. are determined so
that the data of X collapse onto a single curve.

Figure 3.5 shows an example of the finite-size scaling analysis for the order
parameter Py, (p) defined by (3.7). Values of Py (p, L) for 2D BP networks with

1.0 T T T
o8l .g)o M
L)
D ® L=30
i~ 06} o° B m =60 4
C o A =90
o o g v L=120
04} LR & L=150 4
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.o _ = o L=210
| o A L=240 |
02 R4 v L=270
oo’ . ov < L=300
0.0 222 e 1 N
0.40 0.45 0.50 0.55 0.60
p

Fig. 3.5. The probability Pso(p, L) of finding a site belonging to a spanning cluster. Different
symbols represent data for different system sizes. Each data point has been obtained by
averaging over many samples (1 000 samples for L = 30 and 500 for L = 150)
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several system sizes L are plotted in the figure as a function of concentration p. Each
symbol represents an average value of P (p, L) over 10>-10° samples. Ps(p, L)
approaches a step-like function with increasing L. Rescaling data by means of
pc = 0.5, 8 =5/36, and v = 4/3, the data in Fig. 3.5 collapse onto a single curve
with two branches as shown in Fig. 3.6. The upper and lower branches represent data
for p > p. and p < p,, respectively. If we use p. = 0.51 or p. = 0.49 instead of
pe = 0.5 while keeping the values of 8 and v, the data significantly scatter around
the curve, implying that p. is very close to 0.5. The idea of the finite-size scaling
presented here is quite important in numerical calculations, not only for percolation
transitions but also for other critical phenomena. The finite-size scaling technique
for the Anderson metal-insulator transition will be presented in Sect. 9.5.
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Fig. 3.6. Rescaled plot of data shown in Fig. 3.5. The scaling parameters are chosen as

pec =0.5, B =5/36, and v = 4/3. Corresponding to data for p > p. and p < p., there exist
two branches of the scaling curve

3.4 Nodes-Links—-Blobs Model

A very useful model for an infinite network near p. was first proposed by Skal and
Shklovskii [3.18] and de Gennes [3.19]. This model, called the nodes—links—blobs
model, enables us to understand geometrical and dynamical features of percolating
networks, such as electron transport or elastic properties, in a transparent manner.
A percolating network is constructed from several parts with different characters.
For example, consider an elastic percolating network at p = p, stretched as shown in
Fig. 3.7. For this stretched network, singly-connected bonds bear large deformations,
while multiply-connected bonds do not. When cutting a singly-connected bond, the
network is decomposed into two networks. We refer to these singly-connected bonds
as links and the multiply-connected bonds as blobs. A network for p > p. cannot
be separated into two networks by cutting any bond in the network. As mentioned in
Sect. 3.2, a percolating network for p > p. has a fractal structure on any scale less
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Fig. 3.7. Stretched elastic percolating network. The elastic energy concentrates on a single
connected bond (shown by a thick line)

than the correlation length £. This means that geometrical features of the network
for p > p. are similar to those of a critical network (p = p.), within the scale of
&. There thus exist singly-connected bonds in the partial structure of size & within
the whole percolating network for p > p.. These bonds are also called links.
Links and blobs form the backbone of the percolating network. The backbone has
translational symmetry on a scale larger than £ in a statistical sense. Constituents
of the percolating network other than the backbone are called dead ends. These
are attached to the backbone and do not contribute elasticity in elastic percolating
networks.

In the nodes—links-blobs model, the backbone forms a lattice with lattice spacing
&(p). Lattice points on the backbone lattice are called nodes. The links and blobs

(a) (b)

node

blob

e

~—blob

dead end

Fig. 3.8. Schematic illustration of the nodes—links—blobs model. (a) A percolating network
above pc. Solid circles indicate nodes forming the homogeneous network at length scales
L > &. (b) Structure between adjacent nodes. The hierarchy of the nested blobs is presented.
If the size of this structure becomes infinite, this provides a model for critical percolating
networks (the links—blobs model)
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connecting adjacent nodes are modelled by 1D line segments and loops, respectively,
as shown in Fig. 3.8a. Dead ends modify these links and blobs. In order to reflect
the fractality of the percolating network within the nodes—links—blobs model, blobs
are iteratively nested as shown in Fig. 3.8b. Since the correlation length & diverges
at the critical concentration p, the critical percolating network corresponds to the
model in Fig. 3.8b of infinite size (the links—blobs model). In Sect. 3.2, we pointed
out that the Mandelbrot—Given fractal is often used as a deterministic model of 2D
percolating networks. It should be noted that the Mandelbrot—Given fractal has links
and nested blobs, in addition to similar values of the fractal dimensions.

Stanley [3.4] called the links red bonds and considered the situation where a
voltage is applied between two sites at opposite edges of a metallic percolating
network. When a singly-connected bond (red bond) is cut, the current flow stops.
This bond carries the total current. In his terminology, blue and yellow bonds also
exist. Blue bonds belonging to blobs carry current, but cutting a blue bond merely
increases the resistance of the system. Yellow bonds belong to dead ends, and can
be cut out without changing the resistance.

The critical behavior of the links (red bonds) was derived by Coniglio [3.20,3.21]
using renormalization arguments. He verified that the number of red bonds varies
with p as

Lyoc(p—p)~ o', (3.52)

This relation also indicates that the fractal dimension of the links is 1/v, because L
is the measure in this case.
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In previous chapters we discussed geometrical properties of fractals characterized by
fractal dimensions Dy. However, the fractal dimension Dy is not sufficient to describe
all features of complex structures or distributions. For example, a distribution of
mineral resources on earth is one such case. Gold is found in high densities only
at a few rich places, whereas an extremely small amount of gold exists almost
everywhere. Assume that areas with gold density larger than p; are colored in red
on a world atlas, and that areas with gold density larger than p,(< p;) are colored in
blue. Even if the distribution of red portions on the atlas is characterized by a fractal
dimension Dy, the fractal dimension of the blue region might differ from Ds. It can
be understood intuitively that the fractal dimension of the red region with very large
o1 is close to zero, while the dimensionality of the blue region with very small p; is
almost two [4.1].

This type of distribution can be found in many situations: the distribution of
dissipation in turbulent flow [4.2], the distribution of growth probabilities of a
diffusion-limited aggregation (DLA) [4.3,4.4], the distribution of energy dissipation
in a fractal resistor network [4.5], and inter-arrival time series of Internet traffic data
[4.6]. In order to characterize these systems, we need to extend the fractal concept
mentioned in Chap. 2. Multifractals described in the present chapter require an entire
spectrum comprising infinitely many exponents to characterize their distributions.
The concept of multifractals was originally introduced by Mandelbrot to describe the
distribution of energy dissipation in turbulent flows [4.2,4.7], and a vast amount of
work has successively developed useful tools or methods for analyzing multifractals
[4.8-4.19].

4.1 Hierarchical Resistor Network Model

Before embarking upon a general presentation of multifractals, we illustrate a simple
example possessing almost all the relevant features of these objects. This is the
distribution of voltage drops in a hierarchical resistor network (HRN). The structure
of the HRN is similar to the nodes—links-blobs model mentioned in Sect. 3.4. The
multifractality of this deterministic model was first discussed by de Arcangelis et
al. [4.5,4.20] to investigate the voltage-drop distribution of random resistor networks.

We start with a unit cell constructed from four bonds of unit resistance, as depicted
in Fig. 4.1a. Next, the four bonds are replaced by unit cells (Fig. 4.1b), and this
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(a) (b)

Fig. 4.1. The first and second genera-
tions of the hierarchical resistor network
(HRN). Each bond has unit resistance.
The nth generation is created by repla-
cing every bond in the (n — 1) th genera-
. . tion by the unit cell with four bonds (the
1st generation 2nd generation  game as the first generation)

procedure is repeated indefinitely. The resulting structure possesses a deterministic
self-similarity. Constituent bonds belong to either links or blobs. The meanings of
links and blobs are the same as those used in the nodes—links—blobs model for a
percolating network, described in Sect. 3.4. A link is defined as a bond which, if
cut, would render the network disconnected. The remaining bonds constitute blobs.
This structure would thus be regarded as a simplified model of the backbone of
a percolating network at criticality (see Fig. 3.8b). Note that lengths of individual
bonds of the HRN are irrelevant. The system size L is defined in connection with the
geometry of the percolating network as follows. In the 7 th generation HRN model,
the number of bonds Mg, the total resistance R, and the number of links L1 are given
by

Ng =4", “.1)
5 n
R=|- , 4.2
(2) (42)
and
L, =2", “4.3)

respectively. Using (4.3), quantities Ng and R are expressed as
Ng = L$®, 4.4)
and

R=L}, (4.5)
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where ¢g = (log4/log?2) = 2and ¢g = log(5/2)/log2 = 1.32....Inapercolating
network at the critical concentration p., the number of links L; is proportional to
L'V, as given by (3.52), where L is the system size and v is the exponent for the
correlation length £ [4.21]. The system size L of the HRN model can thus be obtained
using (4.3) and the relation L oc L' as

L=2". (4.6)
From this relation, we have for (4.4) and (4.5)

Np o L% (4.7)
and

Roc L%, (4.8)

respectively, where Zg = C/v and G = r/v.

Now let us consider the distribution of voltage drops in the HRN. If a unit voltage
is applied across the second generation of the HRN, voltage drops for various bonds
become as shown in Fig. 4.2. There exist three values of the voltage drops, i.e.,
22/52,21 /52, and 2°/57%. These are combined into a single expression by
2k
? )
The number of ‘bonds’ with voltage drop Vi is given by

2
N(V;) = 22 (k> )

For the n th generation of the HRN, the above argument can be generalized to

2k

:S—n’

Ve = (k=0,1,2).

Vi (4.9)

4 2 4 2 1 2 4 2 4

25 25 25 25 25 25 25 25 25

Fig. 4.2. Voltage drops in the second generation of the hierarchical resistor network (HRN)
model across which a unit voltage is applied. We define the resistance of a single bond to be
unity. Fractional numbers indicate voltage drops between both ends of bonds
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and

n

NWVy) =2" (k

), k=0,1,...,n). (4.10)

Using the distribution function N(V}) and the binomial theorem, the ¢ th moment
(V1) can be calculated as

S vine = [ 2 q]"
(Vq)_;VkN(Vk)_[Sq(l+2) . @.11)

We should note that the g th moment of the distributed quantities V is dominated by
larger or smaller values of V if ¢ >> 1 or ¢ < —1, respectively. By introducing an
exponent ¢, defined by

(V) o LY 4.12)
we obtain from (4.6)

log [5% (1+ 2‘1)]

vlog?2

&= (4.13)
The exponent 7y = 2/v is the fractal dimension of the 0 th moment. The 0 th moment
is just the number of bonds. The value of %o obtained from (4.13) agrees with that of
(4.7). The exponent of the second moment ¢, characterizes the distribution of energy
dissipations. From (4.13), we have

fm O g (4.14)
vlog?2

Since the second moment given by

(V3 =Y VINWV)
k

represents the total energy dissipation W, and W is given by V2/R, where R is the
total resistance of the network and V = 1 is the total voltage drop, we see that the
result of (4.14) is consistent with (4.8).

Equation (4.13) indicates that different orders of moments are characterized by
different exponents. In typical fractal systems, such as percolating networks, the
exponent of the g th moment also depends on g, but the dependence is always linear
as shown in (3.22). This important property gives various scaling relations between
exponents, implying that only a finite number of exponents are independent. In
contrast, the exponents characterizing (V?) in the HRN are nonlinear with respect
to g, as shown in (4.13). This implies that the exponents are not simply related. An
infinite set of exponents is required to describe the voltage-drop moments. In general,
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a distribution is called multifractal if moments of the distribution are described by an
infinite set of independent exponents. In such a case, the usuval linear scaling relations
between exponents do not hold at all. From the scaling viewpoint, this type of scaling
is called anomalous scaling. The concepts of multifractal and the anomalous scaling
are almost synonymous, although these terminologies are distinguished in certain
contexts.

The distribution function N(V;) of voltage drops Vi is given by (4.10). If we
regard N(V;) as a function of k, N(V;) can be expressed by the binomial distribution

B, (k) = (Z)p"(l —prk,

with p=1/2as
N(k) = 4an,% (k) .

For large generation number 7, the binomial distribution function B, ,(k) asympto-
tically approaches the normal distribution function

1 o [_ (k — np)? ]
Vnap(—p) T 20p(p— 1))

Therefore, for higher generations of the HRN, the distribution N(k) can be written

as
2-4" n\2 [n
N(k):\/zrl_nexp[—(k—g) /E] (4.16)

Using (4.9), we find the voltage-drop distribution given by

By p(k) — 4.15)

3.0 T

251

2.0

1.5(1

N(V) (x10%)

0.0 1.0 2.0 3.0 4.0 5.0

1N (x10°%)

Fig. 4.3. Voltage-drop distribution function for the hierarchical resistor network model with
n = 10 (the 10th generation). The distribution function is given by (4.17)
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2
2.4n 2
N(log V) = exp | — [log V — nlog V2 Taog2?| . @1
g
V2nm 5 2

This is a log-normal distribution function of V. As can be seen in Fig. 4.3, when
plotted as a function of 1/V, the distribution N(V) is quite broad, a common feature
of multifractal distributions.

All characteristics found in the voltage-drop distribution of the HRN model
are common to other multifractals. In Sect. 4.2, we present a general definition
of multifractals, including those for random fractal structures, and useful tools for
quantitative analysis of multifractal distributions. The discussion in this section has
aimed to prepare the reader for the generalized concepts and abstract quantities
appearing in the next section.

4.2 Mass Exponent and Generalized Dimension

As mentioned in Sect. 4.1, multifractals describe distributions of intensities or den-
sities of quantities on supports. In this section, we treat a distribution of general
quantities u;, where i stands for spatial position. We assume that y; is normalized
over the whole system, i.e., ), u; = 1. This means that y; is not itself a physical
quantity, but a probability of finding the quantity at position i. Although we he-
reafter refer to y; as a measure at the position i, borrowing from a mathematical
terminology, the reader may regard it merely as a probability of finding a physical
quantity [4.22].!

As in the case of (4.12), we consider a situation in which the system-size depen-
dence of the g th moment (u9) = >, u? is characterized by g-dependent exponents,
ie.,

(i) = pl o L7 (4.18)
i

where the exponent t(g) corresponds to —g:q in (4.12). The exponent 7(q) is called the
mass exponent. We assume that the relation (4.18) holds for any unit of length scale.
This means that a coarse-grained distribution of u; should also satisfy (4.18). Let us

! The measure used here is a Lebesgue measure. Measure is a generalized concept of the size
of an object, such as length, area, volume, or mass. The size 1.(A) of an object A has the
properties: (i) u(A) > 0 and (i) (A U B) = u(A) + n(B) if AN B = ¢. In general, the
quantity p(A) satisfying these two conditions is called a Riemann measure. The Lebesgue
measure is defined by replacing condition (i) by (i)’ u(U2, A)) = Y ;o u(Ay) if
AiNA; =00 # j). If weregard {A;} as a set of events, we can consider j(A;) as
the probability of A;. In fact, Kolmogoroff defined a probability by w(A) satisfying (i)’
0 < u(A) < 1, (i), and (iii) £(S) = 1 where S is the whole set of events. Therefore, the
Lebesgue measure is almost equivalent to a probability.
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consider a distribution of measures coarse-grained by a scale /. This coarse-grained
measure (box measure) (i) is given by

Wby = Z Wi, 4.19)
ieb(l)

and b(l) is a box of size / in the system. Thus, the moment (u?) coarse-grained
by the scale [ is represented by

i) = ndy (4.20)
b

where the summation is taken over small boxes of size / (see Fig. 4.4). Since the
relation (4.18) should also hold for the box measure 15y, we have

q
1\ @
wh = | Do « (Z) : (4.21)

b ieb(l)

Note that L /I represents the coarse-graining. From this relation, 7(g) is expressed as

1 q
2(q) = lim B (4.22)
-0 logl

If the mass exponent t(g) is a nonlinear function of g, we call the distribution of
measures multifractal, as in the case of the HRN model, where the exponent Z'q is
the nonlinear function of g given in the relation (4.13).

Although the quantity —1(g) seems to have the meaning of a fractal dimension
of (uf) because of the relation (u]) o« L™, this is not adequate. Provided that
measures are uniformly distributed on a fractal support with dimension Dy, the g th

v
/ Fig. 4.4. The whole system of size L is divided
— . into small boxes of size [ (< L). A box measure
ub(l) Z Hi Moy of a box b is defined by Zieb(l) Wi, where

ieb(l) M s a measure at a spatial position i
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moment of x should distribute with the same fractal dimension Dy independently of
g. In this case, using the normalization condition Zi wi = 1, we have u; o« L=Pr,
From (4.19) and (4.20), the moment (ulq) becomes

(i) oc Yy (L)t
b

because the number of sites in the box b is proportional to /”f. Summation over the
boxes in the above relation yields Y, = (L/I)”f. As a result, we find

l Ds(g—1)
(uf) o (Z) : (4.23)

The quantity t(g) becomes D¢(g — 1) and depends on g. From this argument, the
appropriate definition of the fractal dimension of the ¢ th moment should be

p,="2 (4.24)
qg—1

For the case of a uniform distribution, we see that D, is equal to Dy independently of

q because 1(g) = Ds(g — 1) from (4.23). The exponent D, is called the generalized

fractal dimension or simply the generalized dimension. From (4.22) and (4.24), D,

is defined by

(4.25)

q
D, = —— fym 2800)

g—11-0 log!
Expressing the definition of multifractals in terms of D, instead of 7(g), a distribution
is said to be multifractal when the generalized dimension D, depends on g.

The generalized dimensions for several specific values of ¢ are of particular
interest in understanding the meaning of distributions. For ¢ = 0, Dy becomes the
fractal dimension Dy of the support. In the case of the HRN model, Dy is equal to
ZB, describing the number of bonds [(4.7)]. The generalized dimension with g = 1,
namely, D, is equivalent to the information dimension Dy [4.23,4.24]. In statistical
mechanics, the entropy of the probability distribution of box measure (i) is defined
by

NS Z Mo 108 ipqy (4.26)
b

where the summation is taken over small boxes of size /. For this entropy, the
definition of the information dimension Dj is

S
Dy =1lim ——. 4.27
1= 150 og(1/D) (4.27)
We verify the relation D; = D; below. Exchanging the order of the two limits
(g = land [ — 0), (4.25) implies

1 1
Dy = lim — lim log [Z Mg(,)] ) (4.28)
b

-0 logl ¢>1q —1
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The limit with respect to g can be evaluated by de 1’'Hopital’s theorem and
> » b = 1. We thus obtain

.2 b M log g
—lim =—————— 4.29
50 log(1/D) (4.29)

The generalized dimension (4.29) is equivalent to the information dimension Dj
given by (4.27). In actual measurements of fractals, the determination of the fractal
dimension Dy of the support requires us to observe even very rare events, and this
takes an infinitely long measuring time. On the contrary, the information dimension
Dy is more easily determined by experiment and characterizes the distribution of
information content.

We can show that the generalized dimension D, with ¢ = 2 is equivalent to the
correlation dimension D, [4.25]. Consider the case when particles are distributed
in a multifractal manner, i.e., the particle density plays the role of a multifractal
measure. The total number of particles and the position of the ith particle are
denoted by N and x;, respectively. The probability C(/) that the distance between
two particles is less than [ is given by

. 1
C(l):lvll_?;omZZ@(l—hi—ij , (4.30)
i i
where ©(x) is a step function defined by @(x) = 1 forx > 0and &(x) = 0 otherwise.
The function C(I) is called the correlation integral. The correlation dimension Dy,
is defined by C(l) o< [P, i.e.,
log C(l
Deo = lim 260
-0 log!

Dy =

4.31)

By dividing the space embedding the particle system into small boxes of size [, we
can denote the probability of finding a particle in a box b(I) by (). The probability
of finding two particles in this box is u%,. The average probability of up, over
all boxes, ), ui(l), is the probability that the distance between two particles is less
than /, which is equivalent to the correlation integral C(). From the definition of the
generalized dimension, (ulz) = Zb ,u,i(l) o P2, Therefore, we have D¢y = D».

We have mentioned that the information dimension Dj can be more readily deter-
mined by experimental measurements than the fractal dimension Dy. The correlation
dimension D, is even easier to determine than Dj. In measurements of Dr or Dy,
the embedding space must be divided into small boxes even if there is no particle
(or measure) in the boxes. Procedures for dividing the space and counting measures
are arduous tasks when the Euclidean dimension of the embedding space becomes
large. Determination of the correlation dimension does not require the division of
space. D, can be calculated from the distribution of lengths between all pairs of
measured points. Therefore, the correlation dimension is often used to characterize
a multifractal distribution.?

2 We emphasize once again that the generalized dimension D or the mass exponent 7(g)

is required for every value of g within (—oo, 00) in order to completely characterize the
multifractal distribution, although D; is easy to determine.
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The limiting values of D, at ¢ — oo are also meaningful dimensions. The
generalized dimensions D o, represent the distribution of measures with the highest
(g — -00) and lowest (g — —o0) intensities. From de I’Hopital’s theorem, we
have

. dr

Evaluation of D1, will be presented in Sect. 4.7. In the case of the HRN model,
Do, characterizes the distribution of voltage drops of link bonds, because links
give the largest voltage drop among the whole voltage-drop distribution, as seen
from Fig. 4.2. Note that the dimension Dy, is not the fractal dimension of the link
distribution itself. On the other hand, D_, describes the distribution of the smallest
voltage drops, that is, voltage drops of bonds belonging to the most deeply nested
blobs, which are depicted in Fig. 4.2 as blobs labelled by 1/25. Values of D, for
q =0, 1 and 2 are presented in Appendix A.

4.3 Multifractal Spectrum

In the n th generation of the HRN model, the voltage drop V; of a bond is given by
(4.9), which is a function of n and k. Since the size L of the HRN depends on n
as shown by (4.6), V. can be regarded as a function of L. From (4.6) and (4.9), the
functional form is written as

Vi o< L7% | (4.33)
where
k
oy = log5 — —log2) , (4.34)
vlog?2 n
withk =0,1,2,..., n. It should be noted that the voltage drop characterized by a

different index k scales with a different scaling exponent o> From this deterministic
example, we can postulate for a general multifractal distribution that a box measure
Mp@) is proportional to /%, from the analogy with (4.21), and that the exponent «
depends on the box (see Fig. 4.5). The exponent « is called the Lipschitz—Holder
exponent or the exponent of the singularity:

]
a = lim —2HoD (4.35)
-0 logl

We should remark that (4.34) does not give the correct expression for the Lipschitz—

3 The second term in (4.34) depends on the generation n. Taking L = 2"V into account, this
term seems to provide a coefficient of (4.33), but not an exponent. This is, however, due to
the peculiarity of the HRN model. The HRN model is not a typical curdling fractal [4.9]
where the system size and the generation are independent. The size of the HRN diverges
as n — oo. Even in this limit (n — o0), the ratio k/n in (4.34) is finite and the second
term provides an exponent in this limit, as seen in Appendix A [(A.19)].
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L tial distribution of the Lipschitz—Hoélder ex-
Og [0 | O[O | O3 | Oy ponents « characterizing the box-size de-
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Oz |Op | Oy | 03|04 | O represents boxes with the same Lipschitz—
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, O |o3 |05 |0 | O Oy should have a self-similar structure, if mea-
A sures are distributed in a multifractal manner

Holder exponent for the HRN model, because the voltage drop V; of the i th bond
in the HRN is not normalized, i.e., > ; V; # 1, whereas the box measure 115 in the
definition (4.35) should be normalized. The correct expression for the Lipschitz—
Holder exponent of the HRN model is presented in Appendix A.

Let us consider the distribution of small boxes with an exponent «. In the
HRN model, bonds with voltage drop V; distribute in a fractal manner. The fractal
dimension of these bonds depends on k. For example, the fractal dimension of the
link-bond (k = n) distribution is 1/v, because the relation L; o< L'/ holds for
the HRN model, as mentioned in (4.6) above, where Ly = N(V,) is the number
of links. On the other hand, the fractal dimension of the distribution of k = n/2
bonds is 2/v as shown below. From (4.10), the number of bonds with k = n/2 is
given by N(V,2) = 2(,},). Using Stirling’s formula for n!, (,72) & 2" for large
n. We thus have N(V,») ~ 2%, Taking (4.3) into account, N(V,2) « L} o« L??,
which implies that the fractal dimension of the distribution of & = n/2 bonds is
2/v. Generalizing this, we can suppose that the distribution of boxes specified by an
exponent « is fractal with the o-dependent fractal dimension f(«). Hence, denoting
the number of boxes with « by N(a), we have the relation N(a) o« L@, or

. log N(@)
= lim ———. 4.36
fl@) Ll»n;o logL ( )
The fact that the subset specified by « has its own peculiar fractal dimension explains
the etymology of the word ‘multifractal’. The exponent f(«) is called the multifractal
spectrum. The multifractal spectrum for the HRN model is presented in Appendix A.

4.4 Relation between 7(q) and f(a)

Multifractal distributions are characterized by either of two exponents 7(g) and f(«)
defined by (4.22) and (4.36), respectively. These exponents describe the same aspect
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of a multifractal, i.e., 7(q) and f(«) are related to each other. In order to see this, we
consider the g th moment of measures (/L;I) given by (4.20). Since the box measure
Mp() is proportional to [*, the g th moment becomes

(uf) oc D1 (4.37)
b

We replace the summation over boxes in (4.37) by the integral over «. To this end,
we consider the subset S, of boxes with the exponent a. Let p(a)da be the number
of subsets S, in the range [¢,  +da]. Since the number of boxes, N(«), in the subset
Sq is proportional to [~/ the number of boxes included in subsets in the range
[a, o 4 da] is given by

N(e) p(a)de o p(a)l " @du . (4.38)

Therefore, we can put Y, = [ p(e)l~/® da, which yields

(uf) o / ()%~ @y . (4.39)

This integral can be obtained by applying the steepest descent method with respect
to «, for which we require

d
I {ag — fla)} =0. (4.40)
o
The ¢ th moment (1) is found to be

(/qu> o p[a(q)]ld(q)q—f[d(q)] , (4.41)

where a(g) is the solution of (4.40). From the definition of the mass exponent,
(1) o I"9, we have the relation

©(q) = a(g)q — fla@)] . (4.42)

Equation (4.42) expresses the fact that 7(g) and f(«) are related to each other by a
Legendre transform. Solving (4.42) with respect to f(«) yields

fla) = g(@)a — t[g(@)], (4.43)

where g(«) is the inverse function of a(g). The explicit form of g(e) is obtained
directly from (4.40) as

g=Y9 (4.44)
da

Substituting (4.43) into (4.44), we obtain
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The Lipschitz—Holder exponent is thus given by

_ dz(q)

i (4.45)

The multifractal distribution is defined by the fact that the mass exponent is a non-
linear function of g, or by the existence of uncountably many different Lipschitz—
Holder exponents. Equation (4.45) demonstrates that the existence of uncountably
many different Lipschitz—Holder exponents also provides a definition of multifrac-
tals.

4.5 Direct Determination of f(a)

In actual measurements of multifractals, the mass exponent 7(g) is easily evaluated
from its definition (the box-counting method). We first divide a system into boxes of
size [, count box measures upg) = 3 ; bty Mis and obtain t(g) from a log—log plot of
I versus (uf) =Y, /Lz(l) by using the least-square-fitting method. The generalized
dimension D, is directly calculated from (4.24). The multifractal spectrum f(«)
can, in principle, also be calculated from 7(g) by the Legendre transform, (4.43) and
(4.45). Tt is, however, necessary to perform a numerical differentiation to obtain an
exponent o, and this produces large errors in « and therefore in f(«). If we smooth
out numerical data for t(g) to avoid this, the estimation of errors arising from
the smoothing procedure becomes difficult. Methods for calculating f(«) without
the numerical Legendre transform greatly improve our multifractal analyses. We
describe here a method for computing the multifractal spectrum f(cr) directly by a
box-counting procedure [4.26].
From the definition of the mass exponent (4.22) of the form

2, Hpq)

= 4.4

@) } m(l) log! (4.46)
the Lipschitz—Holder exponent « given by (4.45) becomes
— lim
10 logl d < o8 Z M"(l))
1
= lim Mo 108 io) - (4.47)

q
1>0logl &= 3 ) 1y,

Introducing a new probability measure mp)(q) defined in a box of size [ by

MZ [
mpy(q) = # , (4.48)
b b ()
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the exponent « is given by

1
w = lim 25 by () 10g s ' (4.49)
1-0 logl

The quantity my;)(q) is often called the g-microscope. Therefore, using (4.43), the
multifractal spectrum is expressed by

1-0 log!

1
fla(@)] = lim — {Z mya)(q) log ph) —log MZ(,)} : (4.50)
b b

Taking account of ), mpq)(q) = 1, this yields

fla(@)] = lim L™ (ql) log [my(@)] (4.51)
- ogl

The exponents o and f(r) given by (4.49) and (4.51) are simply calculated by
a box counting of measures. Using these formulae, we can obtain the profile of
f(ar) through the implicit parameter g without the numerical Legendre transform. It
should be noted from (4.51) that the multifractal spectrum f(c) is the information
dimension of the g-microscope m(;)(g).

4.6 Correlations between Box Measures

If a system of size L adopts a conventional fractal structure with fractal dimension
Dx, the density—density correlation function G(r) = (o(7)p(0)) is also described
by the fractal dimension D as shown in (2.25), where p(r) is the mass density
at position 7. It is worth discussing how the correlation function of box measures
in a multifractal system is described by exponents characterizing its multifractality
[4.27]. The correlation function is defined by

1
Ggq,(r) = NoN, Z Z MZ;I)/LZ,%(I) ) (4.52)
" b b

where i, ¢ is the box measure of a box b, (!) of size [ a fixed distance r —[ away from
the box b(l), Np, (or Np,) is the number of boxes b(l) [or b,(])], and the summation
2 _», is taken over all such boxes b, ({). The correlation function G4, 4, (r) is a function
not only of r but also of the box size / and the system size L. Due to the absence of
characteristic lengths in the multifractal system, G, 4, () should behave as

Gy (1) X 17749192 [ —y*(q1.42) =" (q1.42) (4.53)

Our task is to relate the new exponents x*, y*, and z* to previously introduced
exponents such as t(g).
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Let us consider first a situation with » = /. In this case, (4.52) with N}, o< (L /)Pt
and Np, = 1 and (4.21) give

l Ds N i De+1(q1+492)
Gy (D) (Z) “Zzz) ” o (Z) ) (4.54)
b

where Dy is the fractal dimension of the support. Since we have Gg 4 ()
1 (q1.92)=2"(q1.92) [ =¥ @1.92) from (4.53), the exponents are related by

¥ (q1,92) = Dt + t(q1 + q2) , (4.59)
and
x*(q1,q2) — 2°(q1, q2) = Dy + (g1 + q2) . (4.56)

In order to determine the exponent x*(qi, g2), we consider G, 4,(L). Since box
measures in the system of size L are correlated with each other up to the distance
L, we expect no correlations between i) and 1, oy Therefore, in this case, (4.52)
becomes

1\ [\ 2Pr(g)+7(92)
Ggiqp (L) (Z) > i ) | 2w | o (Z) . (457)
b b

From (4.57) and the relation G, (L) oc [¥' @142 [ 7" @1.0)="@1.92) [from (4.53)],
we obtain

x*(q1,q2) = 2D¢ + ©(q1) + ©(q2) , (4.58)
and (4.56) yields
2°(q1, q2) = Di + ©(q1) + 1(q2) — (g1 + q2) . (4.59)

In particular, for g; = g2, the exponents x(q) = x*(q, q), y(q¢) = y*(q, q), and
z(q) = z*(q, q) are given by

x(q) = 2D¢ + 21(q) , (4.60)

¥g) = Dr +7(29) , 4.61)
and

z2(q) = D¢ + 2t(q) — t(2q) . (4.62)

The exponent z(g) describing the r dependence of the correlation function G, (r) is
quite important, because G, (r) with | = 1 for a system of finite size L characterizes
the multifractality of the system without box-counting procedures in actual numerical
calculations. We call the exponent z(g) the multifractal correlation exponent or
simply the correlation exponent.
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4.7 Profiles of 1(q), Dy, f(«), and z(q)

A multifractal distribution is characterized by exponents t(g), Dy, f(c), or z(g). The
forms of these functions depend on the distribution of measures. However, there do
exist several common features in the g-dependences of t(g), D,, and z(g) and the
a-dependence of f(ar). These features allow us to draw rough profiles of them.

Let us consider first the limiting case ¢ — —oo. Since f(a) > 0, d f(a) /da =
—oo from (4.44) in this limit, and f(«) is a single-valued function of &, the Lipschitz—
Holder exponent corresponding to g — —oo provides its maximum value o,y given
by

Omax = a(Q)’q_)i . (4.63)

o
The derivative of f(x) becomes

d fle)

4o — —00. (4.64)

O—> Umax

For g — —oo0, the g th moment (u?) is dominated by boxes with the smallest box
measure /‘“E?lr)l' For g — —o0, the g-microscope m;)(g) given by (4.48) becomes

for boxes with pp)

My (@] oo = | NI (4.65)

0 otherwise ,

where N,‘;‘in is the number of boxes with ug‘(il‘)‘. If boxes with ;Ll'j‘(il’)‘ distribute in a
fractal manner with fractal dimension f_, of the form

_ L\ oo
NI o (7) ’ (4.66)

substitution of (4.65) and (4.66) into (4.51) yields

= foo . 4.67)

fla(g)]

Q—>0max

From (4.42), the asymptotic form of 7(g) for g — —o0 is given by

(q) = Umaxqd — f-oo - (4.68)

The generalized dimension D, defined by (4.24) and the correlation exponent z(g)
given by (4.62) are found to be

D, = Omax » (4.69)

g-—>—00

and
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2(q@) = Df — fooo - (4.70)

In the opposite limit g — oo, a similar argument to the one used for g — —oo
gives the minimum value of the Lipschitz—Ho6lder exponent as

Omin = a(q) . (4.71)

g—>00
At this point, the derivative of f(«) yields

d fle)

4o (4.72)

O—>Umin

Forgq — o0, { ;/,;1) is dominated by boxes with the largest box measure “%;(' If boxes
with pp* distribute in a fractal manner with the fractal dimension fo as given by

L\ oo
N o (7> ’ (4.73)

where N;'™ is the number of boxes with u%‘i‘, the multifractal spectrum becomes

= foo - 4.74)

a—>Umin

Sfla(g)]

The asymptotic form of 7(g) for ¢ — oc is obtained as
(q) = Aming — foo > 4.75)
and we have also

D, = Omin (4.76)

q—>00

and
2(@) = Dt — fo . “4.77)

The following remark should be made. In many cases of statistically distributed

measures, the number of boxes possessing the smallest or the largest box measure

is unity, which does not depend on L or /. This means that f_., and fo, vanish.
Next we consider the case of ¢ = 0. Since MZ([) with ¢ = 0 is unity for any boxes

with g # 0, the g th moment (uf) = 3~ u,, is proportional to I~f, where Dy
is the fractal dimension of the support. We therefore have

7(0) = — D¢, 4.78)
and

Dy = Ds . (4.79)
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From (4.62), the exponent z(g) of the correlation function with ¢ = 0 is given by

z(0)=0, (4.80)
and
d
DN 2a(@)lymg — 20020)]y0 = 0. (481)
q g=0

Since z(q) is always positive, z(g) takes the minimum value z(0) = 0 at ¢ = 0.
From (4.44) and (4.45), the derivative of f(«) for ¢ = 0 becomes

d
@ . (4.82)
da =g

where

d
w =D (4.83)
dg 4=0

The value of the multifractal spectrum at & = « is, from (4.43) and (4.78),
flog) = Dy . (4.84)

Since the fractal dimension Ds of the support is obviously the largest fractal dimen-
sion of subsets of boxes, the condition (4.82) implies that f(«) takes the maximum
value at o = «.

For g = 1, the normalization condition for measures u; leads to (;/,;1) =1, and
the mass exponent defined by (4.22) with ¢ = 1 becomes

(1) =0. (4.85)
Equation (4.62) with (4.85) yields
z(1) =D — D, . (4.86)

The generalized dimension for ¢ = 1 is equivalent to the information dimension
Dy, as mentioned in Sect. 4.2. The value of D; depends on the measure distribution,
as does Dy. If the Lipschitz—Holder exponent corresponding to ¢ = 1 is «y, the
multifractal spectrum given by (4.43) is expressed as f(«;) = o) — t(1). Thus,
(4.85) leads to

fla)) = oy . (4.87)

The slope of the tangent to f(«) at («;, ;) is unity due to (4.44).

Common features of the exponents presented above are summarized in Table
4.1. From this table, we can draw rough profiles of 7(q), Dy, f(a) and z(g). As
shown in Fig. 4.6a, the function t(g) is a monotonically increasing function of g.
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Table 4.1. General properties of exponents. The specific values and asymptotic behaviour are
common to any multifractal distribution

q 7(q) Dy « flo)  z(g)

—00  Omaxd — f-00 ®max Omax f-co Df— feo
0 — Dy Dy o) Dy 0

1 0 Dy o ai Dy — Dy

o8] Aming — foo Omin  ®min  foo Dt — foo

Asymptotic profiles of t(g) for ¢ — =$oo are straight lines with slopes ayax and
Qmin for ¢ = —o0 and — oo, respectively. The curve of t(g) should pass through
(0, —Dx) and (1, 0). The generalized dimension D, is a monotonically decreasing
function of g as shown in Fig. 4.6b. The function asymptotically approaches constant
values for ¢ — Foo. The multifractal spectrum is a convex function of « whose
maximum value is Dy (see Fig. 4.6¢c). The curve should come up vertically from
(¥min, foo) and fall down to (max, f-oo). Furthermore, the f(e) curve should be
tangent to the curve f(a) = o at the point (o, o)), where «; is the Lipschitz—
Holder exponent corresponding to ¢ = 1. Figure 4.6d shows a typical profile of the
correlation exponent z(g), which is a single-dip function of g.

a b
@ o (b)
o
—fu I~ 1 q
— ‘f_“7 -
/
/ - Dy
y/
©) ) @ (d)
f=a «q)
D | 4
o I
fop
fot 7
0 0txlm'n E)(1 I0‘0 Olcmax o

Fig. 4.6. General profiles of (a) the mass exponent 7(g), (b) the generalized dimension D,
(¢) the multifractal spectrum f(«), and (d) the correlation exponent z(g). Features of these
functions are discussed in the text
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These exponents (z, D, f, and z) characterizing multifractal distributions can
also be defined for conventional fractal systems such as the Koch curve and perco-
lating networks, although these are less interesting. In such cases, 7(g) becomes a
straight line, 7(q) = D¢(q — 1), and D, and « degenerate to a single value Dy for
any g. The exponent z(g) collapses onto z(¢g) = 0. The function f(«) is defined only
at o« = Dy and takes the value Dy. Although properties of t(q), D,, f(c), and z(q)
described in Table 4.1 are quite general, the functional profiles shown in Fig. 4.6 are
merely typical, not general. The profiles of these exponents for the HRN model are
presented in Appendix A.

4.8 Parabolic Approximation
and Distribution Functions of Measures

As seen in Sect. 4.7, the multifractal spectrum f(«) is a single-hump function with
negative curvature. It is convenient in some cases to approximate f(«) by a function
characterized by a few parameters. The simplest way is to regard f(«) as a parabolic
function of « [4.28,4.29]. Although the function f(c) should satisfy all the conditions
presented in Sect. 4.7, three of them uniquely determine the form of the parabolic
function. Here, we choose these three conditions as follows: (i) If ¢ = g, f(e) is
equal to Dy, (ii) the derivative f’(a) is zero at @ = a, and (iii) the curve f = f(@)
is tangent to the line f = «. The general form of parabolic functions satisfying (i)
and (ii) can be written as

fl@) = Dt — c(a — ap)* , (4.88)

where c is a positive constant. When the curve f = f(«) is tangent to f = «, the
equation f(«) = « has a double root. This gives ¢ = 1/4(ap — Dr) and

R Ch ap)?

_ 4.89
4(ag — Dy) (4-89)

Sflo) = Dy

This parabolic approximation characterizes f(«) by the single parameter o, besides
the fractal dimension of the support. The parabolic approximation mimics the profile
of f(a) well near @ = w, but deviates from the true f(«) away from ag. For example,
the function given by (4.89) does not satisfy (4.64) and (4.72). Within the parabolic
approximation, the mass exponent t(g), the generalized dimension D,, and the
correlation exponent z(g) are also calculated from «g and Dy as

(q) = —(q — 1) [g(eo — D¢) — Dx] , (4.90)
Dq = —q(ag — Ds) + D¢, “4.91)

and

2(q) = 2¢*(ao — Dy) , (4.92)
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respectively. We find from (4.91) that the parabolic approximation is equivalent to a
linear approximation of D,,.

We now turn to the distribution function of measures. As mentioned in Sect. 4.1,
a broad distribution of measures is one of the common features of multifractals. In
fact, in the HRN model, the distribution function of voltage drops is a log-normal
distribution. Since the multifractal spectrum (or the mass exponent) completely
characterizes the statistical properties of the distribution of measures, the distribution
function should be described by f(«) [or ©(g)]. Let us find the relation between the
distribution function and the multifractal spectrum. Denoting a distribution function
of box measures y;, coarse-grained by a box size [ by P(up, A), where A = [/L and
L is the system size, P(u;,, A)du, is the number of boxes with box measure w1, lying
in [y, pp +dpp]. We express pp, in terms of the Lipschitz—Holder exponent ¢ from
(4.35), i.e., o = log up/ log A for small A. Thus, the distribution function P(uy, 1)
can be replaced by P(a, 1) according to

P, Mdus, = P(a, A)de . (4.93)
Furthermore, we introduce the distribution function R(log w;, A) defined by

R(log 1y, A)dlog 1y = P(a, A)da . (4.94)
The function R(log up, A) is given by

P(a, A)

4.95
log A (4.95)

R(log pp, 1) =

According to the argument in Sect. 4.4 [in particular (4.38)], the distribution function
P(a, 1) is written as P(a, A) = p(a)A~f@ where p(c) is the density of the subset
So composed of boxes with the exponent «. The density p(«) can be considered
to be a weak function (e.g., a power) of « compared to A~/@, and we can ignore
this factor. The factor 1/log A appearing in the right-hand side of (4.95) is also
weaker than A~® and can be treated as a constant. We thus have the relation
R(log p, 1) o< A~/@ or

1 1
Rlog 15, 7) = s exp [— f ( fogg‘i”) log Ajl , (4.96)

where N(A) is a normalization factor. This function is quite broad with respect to u,
because f(«) is a compact convex function of «. In fact, the parabolic approximation
of f(x) yields

(4.97)

(log up — aglog A)z]

R(log pp, 1) ox exp l: 4(@o = Dy) log &

This is a log-normal distribution function because log A < 0. The exponent ¢ plays
an important role in determining the distribution function of box measures in the
parabolic approximation. The average value of log 1}, is ag log A for the distribution
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function given by (4.97), which means that the geometric mean of p; defined by
Mgeo = exp[(logup)] is equal to A%, Due to the broadness of the distribution
function, a typical value of 1, such as the geometric mean ftge, provides intrinsic
information about the distribution rather than the arithmetic mean (u;), as will be
discussed in Sect. 10.2. The typical value piy, defined by the mode of P(us, A) also
behaves as

Higp O A%, (4.98)
because the distribution function (4.96) gives the maximum value at

log wy
= .
log A

The typical value defined as the mode is more convenient than the geometric mean,
because (4.98) does not require the parabolic approximation (4.97).

4.9 Growth Probability of DLA

We showed in Sect. 4.1 that the voltage-drop distribution of the HRN model exhibits
multifractality. In this case, the distribution is deterministic and the mass exponent
1(g) or the multifractal spectrum f{c) can be calculated analytically, as explained in
Appendix A. The concept of multifractals is, of course, applicable to stochastic dis-
tributions, in which numerical or experimental procedures are required to obtain 7(g)
or f(a). Remembering that the HRN model describes approximately the backbone of
a percolating network, it is easy to understand that the voltage-drop distribution of a
percolating-resistor network at criticality would be multifractal [4.20,4.30]. Another
striking example of multifractals in stochastic distributions is the growth probability
of the diffusion-limited aggregation (DLA) [4.3,4.4,4.11,4.31,4.32]. Interest in the
DLA model is maintained by a wide range of applications in both the physical and
biological sciences.

In the simplest version of the DLA model, a particle is located at an initial
site ¢ in a discrete lattice as a seed for cluster formation. Another particle starts
a random walk from a randomly chosen site in the spherical shell of radius » with
width dr(« r) and center 7. If the random walker moves outside the sphere of
radius R(> r + dr), the particle is removed and a new random walk restarts from
a new site in the spherical shell. The random walk is continued until the particle
contacts the seed (the particle reaches a nearest neighbor site of the seed). The cluster
composed of two particles is then formed. This procedure is repeated many times, in
each of which the radius r of the starting spherical shell should be much larger than
the gyration radius of the cluster. If the number of particles contained in the DLA
cluster is huge (typically 10*~10%), the cluster takes a fractal structure in a statistical
sense. Figure 4.7 illustrates a simulated result for a 2D DLA cluster obtained by the
procedure mentioned above. The number of particles N inside a sphere of radius L
(« the gyration radius of the cluster) is given by

N o LPf .
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AT

Gl

Fig. 4.7. Simulated result of a 2D diffusion-limited aggregation (DLA). The number of
particles contained in this DLA cluster is 10*

The fractal dimensions D¢ of 2D and 3D DIA clusters are 1.71 and 2.49, respectively.
The number of sites N, in the perimeter of the cluster, i.e., the number of nearest-
neighbor sites of the cluster, is known to be proportional to N, so that N, is also
characterized by Dy.

Let us consider a distribution of growth probabilities of a DLA cluster. The
growth probability p; of a perimeter site i is the probability that a new random walker
contacts the site i. Therefore, the support of the growth-probability distribution is the
set of perimeter sites of the DLA cluster. In order to obtain the growth-probability
distribution of a given DLA cluster by a numerical simulation, we perform the growth

2-0 T L} T T T
- b, -
foy b .° B 1
1.0F o : . -
.. | Fig. 4.8. Multifractal spectrum for a 2D
! i | diffusion-limited aggregation. The growth
o LoZminy 1 ) p o e probability distribution is calculated by nu-
2 4 6 8 10 merically solving the discretized Laplace

o equation in a 2D square lattice [4.33]
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procedure described above by using the DLA cluster as a starting seed. If a random
walker contacts the cluster, we record the contact perimeter site and the particle is
removed. This procedure is repeated M times (M >> 1). The growth probability p;
is obtained by p; = m;/M, where m; is the number of times that the i th perimeter
site is contacted.* It is obvious that the growth probability near tips of the cluster
is larger than that inside a deep ‘fjord’. Thus, different sites have different growth
probabilities, intimating the multifractality of the growth-probability distribution.
In fact, the multifractal spectrum calculated numerically for a 2D DLA cluster has
a convex profile, as shown in Fig. 4.8. The maximum value of f(«) is close to
D¢ = 1.71 (2D), as we expected.

Another important example illustrating the fact that stochastic distributions in
condensed matter physics can exhibit multifractality is the critical wavefunction at
the Anderson metal-insulator transition. This will be discussed in Chap. 10.

4 This numerical method has a weak point, viz., a huge amount of computing time is required
to obtain a precise value of the minimal p;. A more efficient technique for calculating the
growth probability is to solve the Laplace equation A¢ = 0 with the boundary conditions
¢(r) = Const. on the cluster and ¢(r) = 0 as » — oo [4.33].



5. Anomalous Diffusion on Fractal Networks

This chapter is concerned with the problem of diffusion on fractal networks, which
plays a central role when we investigate dynamical properties of fractals. The relation
between vibrational excitations on fractal networks and diffusion is also discussed.
We start by describing in detail the diffusion of random walkers on a percolating
network. In uniform systems, the mean-squared displacement (r2(¢)) of a random
walker is proportional to the time ¢, i.e., (r2(t)) o« t, for any Euclidean dimension
d. How does (r*(f)) behave in the case of fractal percolating networks? For this, de
Gennes [5.1] posed the following problem called an ant in the labyrinth:

An ant parachutes down onto an occupied site of the infinite cluster of a
percolating network. At every time unit, the ant makes one attempt to jump
to one of its adjacent sites. If that site is occupied, it moves there. If it
is empty, the ant stays at its original site. What is the ensemble-averaged
squared distance that the ant travels in time ¢?7

Gefen et al. [5.2] gave a fundamental description of this problem in terms of a
scaling argument. This work triggered further developments in the dynamics of
fractal systems. This is because the diffusion equation can be mapped onto equations
governing various types of dynamics [5.3]. For example, the basic properties of
vibrations of fractal networks, such as the density of states, the dispersion relation
and the localization/delocalization property can be derived from the same arguments
for diffusion on fractal networks. These dynamical properties are described in a
unified way by introducing a new dynamic exponent called the spectral or fracton
dimension.

5.1 Anomalous Diffusion

We consider diffusion on an infinite percolating network with p > p.. Choosing the
origin as the point where the ant parachutes down, the mean-squared displacement
(r’(¢)) after a sufficiently long time 7 satisfying the relation (r2(¢))!/2 > & should be
linearly proportional to the time ¢, where £ is the correlation length of the percolating
network. This is because the structure of the percolating network at scales larger
than & is uniform, as discussed in Sect. 3.2, and the random walk of the ant exhibits
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typical diffusion behaviour (normal diffusion). This gives a relation of the form
(r’() =2Dwt,  for (FPM)'? > &, (5.1)

where the diffusion coefficient D, is defined by

1420

Dy = 5.2
2 dt (5-2)

The subscript oo on D reflects the fact that Do, describes diffusion spread over an
infinite network. The diffusion coefficient Dy, is related to the dc conductivity oy
through the Einstein relation

nDy

c = 5.3
04 T (5.3)

Here e denotes the carrier charge, n their density, kg the Boltzmann constant, and
T the temperature, respectively. It is obvious that the dc conductivity vanishes for
p < p. due to the absence of any infinite cluster. The value of o4 becomes nonzero
for p > pc. In the vicinity of p., oy, is assumed to behave as

Oac(p) = Zo(p — pH* , for p > p., (5.4

where p is called the conductivity exponent. Noting that the carrier density # in (5.3)
is proportional to the percolation order parameter Py (p) given by (3.12), we have
from (5.3)

Do o (p — po)** . (5.5)

It should be emphasized that u — B is always positive because Do, — 0 for
p —> pc + 0. From (5.1) and (5.5), we obtain the relation

(r2 (@) o< (p = p)* Pt . (5.6)

Next we consider diffusion on finite clusters in a percolating network with
p < pc. In this case, £ means the average linear dimension of finite clusters and
(r?(#)) becomes independent of time  after a sufficiently long time. Hence, for such
a long time, the ant reaches the cluster boundary and cannot move out any further.
In this case, we have (r?(f)) o &2 for p < p,, and (3.27) implies

(r*®) o |p — pel ™ . (5.7)

Here we assume that a unique length scale is introduced by diffusion on a percolating
network and that this length scale obeys a power law in ¢. Thus, the relations (5.6)
and (5.7) can be unified into a scaling form

(r*@)/* =G [(p— pr’] , (5.8)



5.1 Anomalous Diffusion 61

where G (z) is a scaling function. For percolating networks with p > pc, (5.8) should
take the asymptotic form (5.6) for long times #, and the scaling function becomes

G(2)7500 X Z(”'_ﬂ)/2 . (5.9)

Combining (5.9) and (5.8), we find from (5.6) the relation

— 1
Y(ﬂz B) +x= 5 (5.10)

For p < pe, (r*()) becomes independent of time ¢, as shown by (5.7). The scaling
function in (5.8) thus takes the form

G(2) g —0o X 2. (5.11)

Substituting (5.11) into (5.8), we obtain from (5.7) the relation

=y, (5.12)
y
From (5.10) and (5.12), we have

v

S 5.13
x I (5.13)
and
1
= — 5.14
y tu—p (5.14)

Substituting (5.13) into (5.8) gives the relation for a percolating network at p = p,
as

(r2 () oc 12/ (5.15)
where d,, is defined by
d=2+""F 519, (5.16)
v

with 6 = (u — B)/v. Due to the condition & > B, and hence 6 > 0, diffusion
described by (5.15) becomes slow compared with the case of normal diffusion (5.1).
This slow diffusion given by (5.15) is called anomalous diffusion.

The above results indicate that diffusion in percolating networks becomes ano-
malous for length scales smaller than £ and that the mean-squared displacement is
described by (5.15). The slowing down of diffusion (8 > 0) is caused by the diffu-
sing particle wandering through hierarchically intricate structures, in which it may
encounter dead ends. The exponent dy in (5.15) is called the anomalous diffusion
exponent.
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Table 5.1. Various exponents characterizing dynamics in percolating networks. The values of
d, are taken from [5.4]

Exponents d=2 d=3 d=14 d=5 d(=6)
dw 2.871+0.001  4.0040.05 6

m 1.264+0.054  1.876£0.035 2.39 2.72 3

1 1.325+0.002  1.317+£0.003 1.31+0.03 1.36 4/3

From (5.8), we can estimate the crossover time v from anomalous to normal
diffusion. Anomalous diffusion occurs when ¢ <« t, whereas normal diffusion is
expected for t >> 7. The characteristic time 7 can be obtained by setting the argument
in the function G(z) in (5.8) to be of the order of unity, i.e.,

TR (p— po) BT (5.17)

The value of d,, can be obtained by direct numerical calculation of (r2(z)), or from
the fact that the number of distinct sites V(¢) visited by the random walker within
the time ¢ is, from (2.15) and (5.15), given by V(1) o tPf/4%. When using these
quantities, we must note that (5.15) describes diffusion for 7 <« 7 on a single infinite
cluster. Values of d,, are given in Table 5.1, together with other exponents describing
dynamics. From Table 5.1, we see that for any Euclidean dimension d, d~w is larger
than 2, which is the value for normal diffusion.

We see from the above discussion that diffusion becomes anomalous for a critical
percolating network (p = p.) with fractal structure. Anomalous diffusion defined
by (5.15) is not peculiar to percolating networks, but is quite general for fractal
systems. We should note that the diffusion distance for a deterministic fractal is
actually a complicated function of ¢. The relation (5.15) should be read as a smoothed
expression of the diffusion distance for deterministic fractals.'

5.2 Spectral Dimension

The spectral (or fracton) dimension d; is a key dimension for describing the dynamics
of fractal networks, in addition to the fractal dimension Ds. The fractal dimension
Dy characterizes how the geometrical distribution of a static structure depends on its
length scale, whereas the spectral dimension d; plays a central role in characterizing
critical properties of dynamic quantities on fractal networks.

The diffusion distance of a random walker after ¢ time steps is expressed by
(5.15). Therefore, the number of visited sites V(f) o (r2(f))Pf/? is found to be

V() o 192 (5.18)

1 In addition to (5.15), the relation (5.18) in Sect. 5.2 and (5.40) in Sect. 5.3 should be con-
sidered as smoothed expressions over suitable time and frequency intervals, respectively.
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where the exponent d is called the spectral or fracton dimension,? defined by

-~ 2D
dy ==L (5.19)
dy
For percolating networks, the spectral dimension is given by
~ 2Df 2\)Df

(5.20)

PT2460 0 2u4pu-—-8’°
using (5.16). Alexander and Orbach [5.5] estimated the values of d; for percolating
networks on d-dimensional Euclidean lattices from the then-known values of the
exponents Dr, v, u, and B. They pointed out that while these exponents depend
dramatically on d, ds does not. They conjectured from the numerical values of dq
for 2 < d < 5 and the fact that c?s =4/3 for d > 6 that the following relation holds
for percolating networks:

dy=4/3, for2<d. (5.21)

This conjecture, the so-called the Alexander—Orbach conjecture, is crucial because,
if exact, the dynamic exponent p can be related to static exponents such as v, 8
through the relation

1
o= 3 [Bd—-4)v—8]. (5.22)

Confirming the Alexander—Orbach conjecture has been a challenge over the past
decade. If the Alexander—Orbach conjecture is valid, the relation (5.19) leads to
dy = 91/32 = 2.8437 ... for2D percolating networks. The Monte Carlo calculation
of (r2(¢)) is an efficient way of estimating the exponent dy, using the relation (5.15).
The calculated values of d,, are somewhat larger than 91/32, which corresponds to
d; < 4/3. Although calculated values of the spectral dimension d depend weakly on
numerical methods, the Alexander—Orbach conjecture is considered to be incorrect
and the true value of d is slightly smaller than 4/3 for d < 6. Numerically obtained
values of dj are listed in Table 5.1.

The spectral dimension can be obtained exactly for deterministic fractals [5.6,
5.7]. In the case of the d-dimensional Sierpinski gasket, the spectral dimension is
given by

- 2log(d+ 1)
* T log(d +3)
We see from this that the upper bound for a Sierpinski gasket is d; = 2. A system with
ds < 2 is called compact fractal. The spectral dimension for the Mandelbrot-Given
fractal depicted in Fig. 2.1 is also calculated analytically as
- 2log8
' log22

(5.23)

=1345... . (5.24)

2 The term fracton, coined by Alexander and Orbach [5.5], denotes a localized vibrational
mode peculiar to fractal structures, as discussed later.
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This value is close to ds 2 4/3 for percolating networks, in addition to the fact that
the fractal dimension Df = log8/log3 of the Mandelbrot—Given fractal is close
to Dy = 91/48 for 2D percolating networks and that the Mandelbrot—Given fractal
has a structure with nodes, links, and blobs as in the case of percolating networks.
Derivations of (5.23) and (5.24) are given in Appendix B.

5.3 Spectral Density of States of Fractal Networks

The probability of finding a diffusing particle at the starting point at time ¢ is, for
compact diffusion (dg < 2) [5.6], given by

Po(t) o€ —— o ——1 (5.25)

X —— X ————— .
TV T (@)

where V() is the number of sites visited within a time z. With the help of (5.18),
(5.25) is expressed as

Po(t) oc 1712 (5.26)

where the spectral dimension dj is defined by (5.19).
We can evaluate the spectral density of states D(w) for atomic vibrations of
fractal networks by using the formula

2 -
Dw=—fM%e&+Wy 5.27)

where Py(w) is the Laplace transform of the return probability Po(?). The derivation
of (5.27) is presented in Appendix C.1 [(C.22)]. From (5.26), the Laplace transform
of Py(?) for fractal networks is expressed as

- oo -
Po(w) x wb/?7! / e *x 9/ 2dx (5.28)
0
It should be noted that d; must be smaller than 2 for convergence of the integral in
(5.27). By letting @ — —w? +i0% in (5.28), we obtain
Im Py(—e” +i0") x 072 (5.29)

Substituting (5.29) into (5.27), the frequency dependence of the spectral density of
states is obtained from

D(w) o ™! . (5.30)

By analogy with the Debye density of states w?~!, Alexander and Orbach [5.5] called
the related vibrational excitations fractons, and c?s the fracton dimension. Rammal
and Toulouse [5.6] called Js the spectral dimension, because it characterizes the
spectral density of states for the vibrational spectrum.
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5.4 Scaling Argument for Spectral Density of States

In this section, we derive the spectral density of states and the dispersion relation
of elastic fractal networks from a scaling argument. In order to explain the physical
implications of the scaling argument, we start by showing a simple (perhaps the
simplest) derivation of the Debye density of states of a homogeneous elastic system.
The density of states at w is defined as the number of modes per particle, which is
expressed by

1
D(w) = ——, 5.31

@) = (5.31)
where Aw is the frequency interval between adjacent eigenfrequencies close to @
and L is the linear size of the system. Concentrating on the lowest frequency region,
Aw is the lowest eigenfrequency which depends on the size L. The relation between
the frequency Aw and L is obtained from the linear dispersion relationship @ = vk,
where v is the velocity of phonons, i.e.,

2rv 1

Aw = — x — . 5.32
w AO(L (5.32)

Substituting (5.32) into (5.31) yields
D(Aw) o Aw™ ! (5.33)

Since this relation holds for any length scale L due to the scale-invariance property of
homogeneous systems, we can replace the frequency Aw by an arbitrary w. Therefore,
we obtain the conventional Debye density of states as

D(w) x o', (5.34)

It should be noted that this derivation is based on the scale invariance of the system.

Next, let us consider the density of vibrational states of a fractal structure of
size L with fractal dimension Ds. The density of states per particle at the lowest
frequency Aw for this system is, as in the case of (5.31), written as

D(Aw) IDiAg " (5.35)
Assuming that the dispersion relation for Aw corresponding to (5.32) is

Aw x L7%, (5.36)
we can eliminate L from (5.35) to obtain

D(Aw) x AwP/Z1 (5.37)

The exponent z of the dispersion relation (5.36) is evaluated from the exponent
of anomalous diffusion (5.15) as follows. Considering the correspondence between
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diffusion and atomic vibrations discussed in Appendix C.1 [(C.8) and (C.9)], we can
replace (r(¢)) and ¢ in (5.15) by L? and 1/Aw? for elastic fractal networks. Equation
(5.15) can then be read as

L o Aw=2/dw (5.38)

Comparing the dispersion relation (5.36) with (5.38) leads to
1= ===, (5.39)

where (5.19) has been used.

Since the system has a scale-invariant fractal (self-similar) structure, Aw can be
replaced by an arbitrary frequency w, as in the case of (5.34). Hence, from (5.37)
and (5.39), the density of states for fractal networks is found to be

D(w) x w® !, (5.40)
and the dispersion relation (5.38) becomes
w o L(w)™ /% (5.41)

The spectral/fracton dimension ds can be obtained from the value of the conductivity
exponent . or vice versa. The expression (5.40) for D(w) is identical to (5.30), which
is obtained by the Laplace transform of the master equation. In the case of percolating
networks, the conductivity exponent y is related to d, through (5.16), which means
that the conductivity oy is also characterized by the spectral dimension ds. In this
sense, the spectral dimension d; is an intrinsic exponent related to the dynamics of
fractal systems.

5.5 Localization of Excitations on Fractal Networks

In this section, we show that excitations on fractal networks are spatially localized. In
order to prove this statement, let us consider electrons on a d-dimensional percolating
network of size L. The conductance G(L) is defined as the current when a unit
voltage is applied across the percolating network, as shown in Fig. 5.1. Since the
conductance G(L) is proportional to the area L~ and the reciprocal of the size L,
we have the relation

G(L) = 04.L%7%, (5.42)
where oy, is the conductivity. Using (5.4) and (3.2), we obtain

G(L) x #7972 (5.43)
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Fig. 5.1. The arrangement for defining the conductance G(L) of a d-dimensional hypercubic
system

Provided that the relation L <« & holds, the length scale characterizing this system
becomes L alone and we can replace the correlation length by § — L. This implies
that

G(L) x L#, (5.44)

where the exponent g is given by

B= Qf(ds -2). (5.45)
ds
Here we have used (3.34) and (5.20). Equation (5.44) with (5.45) indicates that G(L)
goes to zero for L — 00, because the exponent 8 is always negative due to ds ~ 4/3
for percolating networks in any dimension. This means that the current does not flow
and electrons are localized in infinite percolating networks. Note that the exponent
B is equivalent to the value of the B-function for large conductances. This will be
discussed in Sect. 9.3 [5.8]. At length scales greater than & (L >> &), we can replace
JS and Dy by d, because the system is homogeneous. Thus, for example, for 3D
percolating networks, 8 becomes positive, leading to the localization—delocalization
transition (see discussion in Sect. 9.3). This transition, known as the quantum perco-
lation transition, has been extensively studied. The above argument guarantees that
the quantum percolation transition point pq is always larger than the (classical)
percolation threshold p..

We emphasize that the relation (5.44) with (5.45) holds for general fractal net-
works, although the derivation has been demonstrated only for percolating networks.
This implies that electrons in compact fractals (ds < 2) are localized, while they can
be extended for fractals with JS > 2. Furthermore, it should be noted that the above
localization argument applies to other excitations on fractal networks, because of the
generality of the argument. Vibrational excitations on fractal networks, i.e., fractons,
for example, are localized if a’~S < 2.
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5.6 Phonons and Fractons in Percolating Networks

We showed in Sects. 5.4 and 5.5 that vibrational modes called fractons are localized
in percolating networks. Their spectral density of states and the dispersion relation
are given by (5.40) and (5.41), respectively. As shown in Sect. 5.5, the spectral
dimension d, and the fractal dimension D; should be replaced by the Euclidean
dimension d at length scales larger than the correlation length £. In this case, (5.40)
and (5.41) give the density of states and the dispersion relation for conventional
(extended) phonons, respectively. The relevant length scale for low-frequency vibra-
tional excitations is the wavelength A. Thus, vibrational modes with A much larger
than £ are phonons. According to the argument in Sect. 5.5, phonons in percolating
networks are extended (3D) or weakly localized. Physically, this is because scat-
tering is determined by the square of the mass-density fluctuation averaged over
regions of volume A¢. Hence, even if the short-range disorder is strong, the effective
strength of the disorder for phonons with A >> & is very weak. If the wavelength A
approaches £, fractal structures become relevant. When the length scale relevant to
vibrational modes becomes shorter than & by increasing the frequency, excitations
behave as localized fractons. The relevant length scale of fractons is L(w) in the dis-
persion relation (5.41). Vibrational excitations are therefore expected to cross over
from phonons to fractons at increasing frequencies. This crossover can be regarded
as the dimensionality crossover from d to d, and Dy.

From (5.41), we can derive the crossover frequency w, for vibrational excitations
by replacing L(w) — & to yield

we o (p — pe)*Prls . (5.46)

The crossover frequency e, is also related to the phonon dispersion relation w = vk,
where v and k are the velocity and wavenumber of phonons. The relation w, ~ v(p)/&
and (5.46) give the velocity of phonons as

v(p) & (p — pe)’PrEY o (p — po) B P2 (5.47)

Because p — B is always positive, we have v(p) — 0 when p — p,. The results for
the density of states for vibrational excitations are summarized by

i1
— forw < w, ,
D(w)  { VP (5.48)
sz_l , foro > w. .
The dispersion relations become
v(pk , forw <€ . ,
w X (5.49)

kDelds forw > w. ,
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where k for w > w. does not mean the wavenumber due to the lack of translational
symmetry of the system, but rather describes the inverse of the localization length
A(w). It should be noted that fractons reflect two features of fractal structures,
namely, the fractality and the lack of translational symmetry.



6. Atomic Vibrations of Percolating Networks

As discussed in detail in Chap. 5, vibrational excitations in fractal networks behave in
a different manner from those in conventional disordered systems. These excitations
called fractons are characterized by the spectral dimension d s. However, all the results
on fractons presented in Chap. 5 are deduced from the scaling assumption (5.8).
In order to confirm the results derived from the scaling arguments and clarify the
nature of fractons, investigation by computer simulations is crucial. This has become
possible recently due to a sharp increase in available computer power together with
the development of new algorithms suitable for large-scale computations. These have
been a great success in quantitatively describing the dynamics of complex systems.

In this chapter, we first present the results of large-scale simulations for the
vibrational density of states (DOS) of percolating elastic networks with scalar dis-
placements. These calculations are a rich source of information about properties of
fractons including the accurate value of the spectral dimension ds. The behaviour of
the DOS at the crossover region from phonons to localized fractons will be treated in
detail. The localized character of fractons is also discussed. In addition, we discuss
vibrational excitations of percolating elastic networks taking into account the vector
nature of interactions and displacements. A scaling theory predicts the existence of
another type of fracton in such systems. The relations between several exponents
describing properties of networks with vector displacements are obtained by scaling
arguments.

6.1 Spectral Density of States and Spectral Dimension

We showed in Sect. 5.3 that the spectral density of states for vibrational systems
can be derived by solving the diffusion problem, or vice versa. These claims are
demonstrated in detail in Appendix C, showing that the master equation forms a
basis for deriving dynamical properties of fractal networks, such as atomic vibrations,
spin waves, or superconducting properties. The correspondence relationship between
diffusion and atomic vibrations provides several important predictions concerning
fractons, as shown in Chap. 5. In this section, we deal with numerical results for the
spectral density of states for elastic percolating networks with scalar displacements.

We consider a bond-percolating (BP) network on a square or (hyper)cubic lattice
with periodic boundary conditions, consisting of N particles with unit mass and
linear springs connecting nearest-neighbor atoms. The reason why we treat a BP
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network is that the fractal nature of BP networks is revealed even at very short-range
scales, as demonstrated in Fig. 3.4. The equation of motion for atomic vibrations
with scalar displacements is expressed by

mii; () = Z Kijuj(t) y 6.1)
J

where u; is the scalar displacement of the atom with unit mass (m = 1). Itis assumed
that the displacement u; has only one component. The force constant is chosen as
Kij = 1 (i # j) if both nearest-neighbor sites i and j are occupied, and K;; = 0
otherwise. The diagonal elements K;; are given by K;; = — Zi £ K;j, derived from
the condition that forces balance at the site i. Note that the force constants K;; have
a different sign from the definition of the dynamical matrix elements qﬁij used in the
textbook on lattice dynamics [6.1].

The spectral densities of states (DOS) for 2D, 3D, and 4D BP networks at
the percolation threshold p = p. are given in Figs. 6.1a and b, which have been
obtained numerically by means of a powerful method called the forced oscillator
method [6.3]. The correlation length & diverges at p = p. and the network has a
fractal structure at any length scale. Therefore, we can expect DOSs of fractons in
the wide frequency range w1, <« w <« wp, where wp is the Debye cutoff frequency
and . is the lower cutoff determined by the system size. The frequency wy, is quite
small (w &~ 107> for the 2D result) for the results in Fig. 6.1 because of the large
sizes of the systems treated. The DOS and the integrated DOS per atom are shown by
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Fig. 6.1. (a) Spectral densities of states per atom for 2D, 3D and 4D BP networks at p = p..
(b) Integrated densities of states for the same. The angular frequency o is obtained with mass
units m = 1 and force constant K = 1. The networks are formed on 1100 x 1100 (2D),
100 x 100 x 100 (3D), and 30 x 30 x 30 (4D) lattices with periodic boundary conditions,
respectively [6.2]
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the filled squares for a 2D BP network at p. = 0.5 formed on a 1 100 x 1 100 square
lattice (N = 657 426) with periodic boundary conditions. The spectral dimension
dj is obtained as d, = 1.33 # 0.01 from Fig. 6.1a, whereas data in Fig. 6.1b give the
more precise value ds = 1.325+0.002. It should be emphasized that the approximate
o'/ law holds even in the low frequency region.

The DOS and the integrated DOS for 3D BP networks are given in Figs. 6.1a and
b by the filled triangles (middle). These data show results averaged over three samples
at the percolation threshold p.(= 0.249). The networks, formed on 100 x 100 x 100
cubic lattices, have 155385, 114303, and 143 026 atoms. The spectral dimension
d, is obtained as dg = 1.31 £ 0.02 from Fig. 6.1a and d, = 1.317 & 0.003 from
Fig. 6.1b.

The DOS and the integrated DOS of 4D BP networks at p. = 0.160, formed on
30 x 30 x 30 x 30 quartic lattices, are shown in Figs. 6.1a and b by filled circles,
obtained by averaging over 15 samples. The network sizes are N = 8410-64 648.
The DOS in the frequency region 0.1 < @ < 1.0 clearly shows the power-law
dependence, as found in the 2D and 3D cases. The spectral dimension dj is estimated
as ds = 1.31 & 0.03 from the least-squares fitting using the data of Fig. 6.1a.

The DOS of a 2D site-percolating (SP) cluster with p = 0.67 is shown in
Fig. 6.2. This percolating network is formed on a 700 x 700 square lattice with
network size N = 317 672. The percolation correlation length £ of this system is
finite. As shown in Sect. 5.6, we expect a crossover from phonons to fractons in the
DOS. The crossover frequency . corresponds to the mode of wavelength A equal
to the correlation length £. Hence, the DOS in the frequency regime lower than @,
should be given by the conventional Debye law D(w) oc w?~!, while D(w) o w® ™!
for w > w., where d is the Euclidean dimension. The simulated result is consistent
with this view, because the frequency dependence of the DOS for lower frequencies
(w < 0.05) clearly obeys the law D(w) o w and the DOS is closely proportional to
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Fig. 6.2. The DOS per atom for a 2D network at p = 0.67 formed on a 700 x 700 square
lattice. The network size is 317 672. Solid circles indicate numerical results. The straight line
is only meant as a guide to the eye [6.4]
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Fig. 6.3. The DOS per atom for a 3D BP network at p = 0.31 (p. = 0.249) formed on a
120 x 120 x 120 cubic lattice [6.5]

o'/? in the frequency region 0.05 < @ < 1.Itis known that excitations in disordered
systems with Euclidean dimension d < 2 should be localized (See Sect. 5.5). In this
sense, even phonons excited below w, =~ 0.05 are localized, but weakly, whereas
fractons are strongly localized. [The term ‘strongly’ means that the value of the
exponent f defined by (5.45) for fractons in percolating networks is smaller than
that for phonons. ]

The region in the vicinity of w. in Fig. 6.2 is the crossover region between
phonons and fractons. It should be emphasized that the DOS is smoothly connected
in this region, without exhibiting any significant steepness or hump. It is remarkable
that the DOS does not follow the w!/? dependence above w ~ 1. This will be
interpreted in Sect. 6.3 in connection with the discussion on missing modes.

The smooth crossover is also demonstrated in the case of 3D percolating net-
works. The DOS of a BP network at p = 0.31 (p. = 0.249) formed on a
120 x 120 x 120 simple cubic lattice is shown in Fig. 6.3. The network size is
N = 1302424 and a periodic boundary condition is used for calculations. The
crossover frequency w. of this system is estimated from Fig. 6.3 as w. = 0.07. The
DOS in the low frequency regime (w < w.) obeys the Debye law D(w)  w?, while
the DOS follows D(w) o w®~! (d; ~ 4/3) for w > w. A peak at = 1 in Fig. 6.3
is attributed to vibrational modes of a single site connected by a single bond to a
relatively rigid part of the network (a blob in the sense of the nodes—links—blobs
model discussed in Sect. 3.4). It is clear that the DOS exhibits no steepness or hump
in the crossover region in the vicinity of w..
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6.2 Missing Modes at Low Frequencies

The simulation results presented in Sect. 6.1 confirm the theoretical predictions
obtained by scaling arguments in Sects. 5.4-5.6. It is found that the DOS of a
percolating network above threshold (p > p.) is characterized by two regimes. The
fracton DOS is given by

Dg(w, p) = AwhT, for w >» w, , (6.2)
and the phonon DOS takes the form
Dpn(w, p) = Bo®™™',  foro <€ o, 6.3)

where A and B are coefficients. It should be noted that the whole DOS per particle
is normalized as

/ ” Dw)dw = 1. 6.4)
0

Since d is always larger than d, Dy (w) is smaller than Dy (w) at low frequencies
when the latter is extrapolated to phonon frequencies (see Fig. 6.4). This implies
that some modes in the low frequency regime are missing as p increases from the
threshold value p.. Due to the normalization condition (6.4), their spectral weight
must be recovered somewhere. If the coefficient A in (6.2) is independent of p, the
most probable region to recover these missing modes is near w, which leads to an
accumulation of modes in the vicinity of w. [6.6,6.7]. In the early stages of studies
on the phonon—fracton crossover, a hump was expected in the DOS at w ~ w, for
percolating networks above p.. The point is that such a hump is never observed at
the phonon—fracton crossover in simulations of the DOS, as shown in Figs. 6.2 and
6.3.

D(w)

Fig. 6.4. Crossover of the DOS (solid curve). The dotted (dashed) curves represent the
continuation of the phonon (fracton) asymptotic behaviour into the crossover regime [6.6]
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6.3 The Hump at High Frequencies

In order to explain the absence of a hump in the observed crossover region, we write
the scaling form for the DOS of a percolating network for p > p,. as

D(w, p) = A(p)w™ ' Flw/w,) . (6.5)

For an infinite percolating network, the phonon—fracton crossover frequency is given
by (5.46), i.e.,

we = 2(p — po)*P% . (6.6)
The scaling function F(x) should take the form

Fx)=1, forx > 1, 6.7)
and

F(x) = x479 | forx <« 1. (6.8)

Equation (6.6) provides a prediction for the p-dependence of D(w, p) in the phonon
regime of the form

D() & A(p)(p — po)"Prds—D/ds =1 (6.9)

Figure 6.5 shows the DOS divided by »'/? as a function of w, in which a horizontal
line corresponds to the fracton regime. Data for p, = 0.593 are plotted with filled
circles, where the network was prepared on a 700 x 700 lattice with N = 116991,
The rescaled data for the DOS for a network with p = 0.67 (N = 317 672) are plotted

10°
—_—t . - I
® = o- o&‘L“_"_;._
Q o %
§ 1 ©° .:
210
a .
. p=0.593
. p=0.670
10'2 1 | | °
10 102 10™ 10° 10
®

Fig. 6.5. Densities of states divided by »!/3 as a function of the frequency w. Solid circles
are the result for a percolating network at p = pc, and open circles for p = 0.67. Horizontal
lines are just guides to the eye [6.8]
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with open circles. We can clearly discern two regimes in the data for p = 0.67, with
a crossover frequency @, =~ 0.1. It is found that the magnitude of the DOS in the
fracton regime is different in the two simulations. This invalidates the assumption
that the coefficient A in (6.2) is independent of p. Furthermore, we should note
that the two curves of Fig. 6.5 could not possibly be made to scale towards the
upper cutoff of the fracton range. This is the region where modes missing from
the low frequency regime have accumulated, exhibiting the violation of the scaling
hypothesis in (6.5).

To understand the last observation, it is helpful to consider the simple model
illustrated in Fig. 6.6. From the Sierpinski gasket of Fig. 6.6a, we can construct
infinite homogeneous systems in different ways. Vibrational modes of the simple
gasket in Fig. 6.6a have been investigated in considerable detail in [6.9]. The spectral
density peaks at @ = ~/5, and molecular, or strongly localized modes have the
highest density near the upper cutoff at @ = +/6. These modes are only slightly
modified by the higher coordination of a few sites (z = 6) in Fig. 6.6b. The higher
z simply produces a few modes at frequencies above the Sierpinski gasket band, in
the region +/6 < @ < 3, where w = 3 is the upper cutoff of the 2D triangular lattice.
An alternative way to construct a large-scale homogeneous system is illustrated in
Fig. 6.6c. That model corresponds more closely to the intuitive picture of percolating
networks that reach their correlation length by growing into each other. In that case,
the whole region +/6 < w < 3 becomes rather densely populated with modes, at
the expense of the DOS in the fracton regime. The corresponding missing spectral
weight is rather uniformly distributed over the low frequency region.

The above considerations can now be extended to percolation with a correla-
tion length & [6.8]. The discussion is facilitated by adopting the nodes—links—blobs
picture, as illustrated in Fig. 3.7a. The typical separation of the nodes forming the
macroscopically homogeneous network equals the correlation length £. Using

A
Dpn(w) = %a} , (6.10)
W

and

(6.11)

D (w) = A(p)w'/?

@ S ©

Fig. 6.6. Two different tilings of the Sierpinski gasket. (a) is the original gasket. (b) and (c)
represent unit cells of the two types of Sierpinski lattice
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we can calculate the number My, of missing modes associated with the phonon
regime as

we

Mph ~ (Dg — Dph)dw
0
1 d
= ZA(P)COC

1 ~
=meﬂwwqmw. (6.12)

Using A(p) = A(p.) =~ 0.4 and £2 ~ 13 from Fig. 6.5, we can estimate My, >~
3(p — p.)'Pf. The number of occupied sites on the infinite network in the correlation
box, £, is £4 Py, where P, = Po(p — p.)?. Hence the actual number of missing
modes within the correlation box is

M ~ E P oMy, ~ 352 P, , (6.13)

where &y is defined by § = &p|p — p.|™", and the hyperscaling relation —dv +
B+ vDs = 01[(3.34)] is used. Using &y = 0.95 and Py =~ 1.53 for 2D percolating
networks, the number of missing modes is found to be of the order of unity. There
is thus one missing mode per area £2. This result suggests that missing modes
associated with the phonon regime shift to high-frequency vibrations of modes
which have higher coordination.

Numerically more important is the number of missing modes Mg produced by
the depression of the fracton density from A(p.) to A(p). Ignoring the hump near
the higher cutoff frequency wp, this number is

“ Ap)
M= [ Do, ) - Dt o = 1= 22 (6.14)
0 A(pe)
For the second equality, use was made of (6.5) and the fact that the integral of
Dg(w, pc) over the full frequency range is normalized to unity. The simulated
values of My for several values of p are shown in Fig. 6.7, demonstrating a critical
behavior, My = Mo(p — pc)™. The solid line gives m = 4/3 and My ~ 4.1.

This behavior can be explained as follows. A number of sites in percolating
networks above p. have higher coordination than in a network at p.. The number of
these sites is much larger than the small number of nodes that form the homogeneous
system. Based on the naive picture of Fig. 6.6¢c, we expect the number Ny, of these
higher coordination sites to be proportional to the number of perimeter sites of a
correlation box. In the case of the percolation network, the perimeter of a correlation
box is a fractal of dimension D¢ — 1. The number Ny, is thus proportional to £25~1,
Since the total number of occupied sites within the correlation box is &7t , the relative
number of high-frequency modes attributed to higher coordination sites is then

SDf—l 1
= — . 6.15
D T g (6.15)

Mfr X
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Fig. 6.7. Number of missing modes produced by depression of the fracton DOS as p increases

from p [6.8]

For 2D percolating networks, taking into account the four sides of the correlation
box, this ratio becomes

4
My ~ £~ 4.2(p — p)*?, (6.16)

Both the exponent and the amplitude agree well with the simulated values (see
Fig. 6.7). This supports the validity of this interpretation. Although there is, strictly
speaking, no well defined perimeter of a correlation box, the concept of the perimeter
appears to remain well defined from an average point of view.

6.4 Localized Nature of Fracton Excitations

We showed in Sect. 5.5 that the scaling theory predicts localization of fracton
excitations on a percolating network. The key parameter in the scaling theory is
the exponent 8 given by (5.45), which is always negative because ds ~ 4/3 for
percolating networks, in any Euclidean dimension d. This implies that fractons
are spatially localized. In this context, the ensemble-averaged envelope function of
fracton excitations should in principle be expressed as

dy
(¢g) ox exp I:— (A(ra))> :l , (6.17)

where A(w) is the frequency-dependent localization length and r a radial distance
from the center of the fracton. The exponent dy denotes the strength of localization.

Bunde and Roman [6.10] have given an analytic explanation for the asymptotic
spatial behavior of fractons. For scalar vibrations, the envelope function of the
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fracton, |¢g(r, ®)|, is related to the probability density P(r, ) for finding a random
walker after time ¢ at a site separated by a distance r from its starting point. From
(C.30) in Appendix C, this relation is

P(r,t) = / D(w)|pg(r, w)| exp(—a)zt) do , (6.18)
0

where D(w) is the DOS per atom. For a large class of networks, including percolating
networks at p., P(r, f) decays, upon averaging over typical configurations, according
to [6.11]

log P(r, ) < —[r/R(®O]" , U= = , (6.19)

where d,, is the diffusion exponent defined in (5.16). Using the asymptotic form of
(6.19), we obtain dg = 1 by taking the inverse Laplace transform of (6.19) and using
the relation A(w)~! x w*%" from (5.19) and (5.41).

We warn the reader that the ensemble average of matrix elements may be very
different in general from the matrix element using ensemble averages for the fracton
functions. For example, the Raman scattering intensity is proportional to the square

(a) (b)

Fig. 6.8. (a) Typical fracton mode (w = 0.04997) on a 2D BP network, which is obtained
by applying the forced oscillator method [6.3]. Bright region represents the large amplitude
portion of the mode. (b) Cross-sections of the fracton mode shown in (a) along the white line.
The four figures are snapshots at four different times [6.12,6.13]
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of the elastic strain induced by fracton excitations. For this case, the ensemble
average of the matrix element for individual fractons should be taken into account.

A typical mode pattern of a fracton on a 2D percolating network is shown in
Fig. 6.8a, where the eigenmode belongs to the angular frequency w = 0.04997.
The percolating network at p. = 0.593 is formed on a 700 x 700 square lattice
with N = 169 576 occupied sites. To bring out the details more clearly, Fig. 6.8b
shows cross-sections of this fracton mode along the line drawn in Fig. 6.8a. Filled
and open circles represent occupied and vacant sites in the percolating network,
respectively. We see that the fracton core (the largest amplitude) possesses very
clear boundaries for the edges of the excitation, with an almost step-like character
and a long tail in the direction of the weak segments. This contrasts with the case of
homogeneously extended modes (phonons) in which the change in their amplitudes
is smoothly correlated over a long distance. It should be noted that displacements
of atoms in dead ends (weakly connected portions in the percolating network) move
in phase, and fall off sharply at their edges. In addition, the tail extends over a
very large distance with many phase changes. This is a natural consequence of the
orthogonality condition for the eigenmodes, since vibrational modes belonging to
eigenfrequencies w? # 0 must be orthogonal to the mode with uniform displacement
of w? = 0 (see Fig. 6.9).

(2)
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(b)

Fig. 6.9. Schematic illustrations of vibrational
modes belonging to (a) @ = 0 and (b) w # 0.
These modes are mutually orthogonal

6.5 Networks with Vector Elasticity: Scaling Arguments

In actual vibrational systems, the vector nature of atomic displacements is crucial.
Percolating networks with vectorial elastic forces have different critical exponents
from those with scalar forces. It is more difficult to map the diffusion problem
onto the vibrational problem with vector elasticity because the vector nature of
the displacements represents a significant additional complication. We describe this
aspect in detail in terms of scaling arguments.

The rotationally-invariant Hamiltonian taking account of vector displacements
is given by the valence force field (VFF) description. The VFF was originally



82 6. Atomic Vibrations of Percolating Networks

introduced to describe molecular vibrations and later adapted to crystals [6.14],
providing the most useful phenomenological description of short-range valence
forces. The VFF Hamiltonian is described in terms of internal variables as

1 i 1 2 1
H=> Z w + o ij Kij [(wi —up)ry] + 5B ; KK (A0i)* .

(6.20)

Here w; is the vector displacement of the i th atom with unit mass (m = 1), r;;
the unit vector connecting nearest-neighbor sites, and Af;; the small change in
angle between bonds (i) and (ik) due to the displacements of atoms. It should be
emphasized that, for square or cubic lattices, both the equilibrium angles 6 = 7/2
and 7 should be involved in this Hamiltonian. Thus, the rigidity threshold of this
system is identical to the percolating threshold p.. From a model taking into account
only 8 = /2, the angular force along linear links becomes irrelevant, so that the
rigidity threshold becomes larger than the percolation threshold. The parameter K;;
takes the value unity if both nearest-neighbor sites i and j are occupied by atoms, and
K;j = 0 otherwise. The symbols  and 8 are the bond-stretching and bond-bending
force constants, respectively.

There exists an additional characteristic length /. in percolating networks with
vector elasticity, besides the correlation length £. This length /. depends only on the
force constants « and 8 in (6.23), while & depends on p. The length /. determines the
crossover from the scale region in which bond-stretching motions are energetically
favorable to the region where bond bending becomes dominant. We can connect
the characteristic lengths & and [, with two characteristic frequencies, w¢ and wy,
respectively.

On the basis of the nodes—links—blobs model described in Sect. 3.4, Kantor
and Webman [6.15] showed that the effective spring constant K between blobs is
expressed by

Ko (2 )_1 + (i B 6.21)
« (Z L1$2) ' (©.

where blobs are assumed to be perfectly rigid and L; denotes the number of links.
From (3.52), the mean number of links varies with p as

Ly (p—po)~ " ocgV. (6.22)

If (a/L1) < (B/L1£2), the first term (stretching motions) of the effective spring
constant (6.21) dominates. We then have

o
Ko —. 6.23
* T (6.23)

The condition for (6.23) to hold can be written as

£l , (6.24)
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where

=2 (6.25)
o
This implies that the elastic energy of the system is primarily associated with the
stretching force constant. For the case of [, « £, the bond-bending spring constant
becomes dominant, and the effective force constant is

K %;2 . (6.26)

Let us derive the formula for the DOS of stretching fractons [6.15-6.17], for a
system of size L « &. The DOS at the lowest finite frequency Aw of this system
takes the form

where the level spacing Aw is given by
K(L)1'?
A — . 6.28
v [M(L)] ©29

Quantities M(L) and K(L) are the mass and the effective spring constant of the
system of size L. The effective spring constant is obtained for L < I, from (6.22)
with & = L and (6.23):

K(L) % L~ (6.29)

Using the relation M(L) o< L?f, the lowest frequency Aw is
Aw oc LRIz (6.30)

Using this dispersion relation and replacing Aw by an arbitrary frequency w as in
Sect. 5.4, the DOS for stretching fractons becomes

D(w) x ¥ Pr/Pi+H-1 (6.31)

Note that the exponent is determined only by the static exponents Ds and v. This
is due to the assumption that blobs are perfectly rigid. Since the conductivity o;;
between sites i and j corresponds to the elastic force constant Kj;, as seen from the
mapping relation between the resistive and the elastic networks [6.18], rigid blobs
behave as superconductors in the conducting nodes—links—blobs model.

The nodes—links—blobs model relates the conductivity exponent u introduced in
(5.4) to static exponents. The conductance G (L) for this model is given by

1
G(L) x o (6.32)
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where blobs are assumed to be superconducting. Using (6.22) with £ = L and
the relation (5.42) between the conductivity o4 and G(L), G(L) 04 L472, the
conductivity can be expressed by

Oge 0 LT 471V (6.33)

The finite-size scaling discussed in Sect. 3.3 gives the p-dependence of oy in infinite
systems as

T & (p — pe)" @, (6.34)
which implies that the conductivity exponent & can be expressed by
w=vid-2)+1. (6.35)

The above exponent p constitutes a lower bound for the conductivity exponent of
actual percolating networks. This is because blobs are assumed to be superconductors
in this model, and the actual conductivity o4, of a percolating network close to p; is
necessarily smaller than that predicted by (6.35).

Using the relation Dy = d — 8/v [(3.34)], the DOS for stretching fractons (6.31)
becomes

D(w) x w1, (6.36)
where
N 2wD
= (6.37)
v+pu—B

Note that the exponent d «t takes the same form as JS given in (5.20). Thus, the nodes—
links—blobs model for vector elasticity predicts that stretching fractons belong to
the same universality class as scalar fractons. We should also note that stretching
elasticity is, in general, different from scalar elasticity because the stretching force
constant becomes relevant only to motions along the bond connection, whereas
scalar displacements respond to any deformation. Nevertheless, under the condition
L « I, they both belong to the same universality class.

Consider the opposite case, [, < L < &. The effective spring constant X is given
by (6.26), for which bending motions become relevant. The relation corresponding
to (6.29) is found to be

K(L) o« L7271V, (6.38)
Equation (6.28) then implies
Aw & L-Pr+H1/m+21/2 (6.39)

This dispersion relation gives the DOS for bending fractons,
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D(C()) P a)szf/(va+2v+1)—l . (640)

The expression for the DOS contains only static exponents, as in the case of (6.31),
because we treat blobs as rigid bodies. Using the relation (6.35) for the nodes—links—
blobs model, the above DOS can be written as

D(w) oc ™! (6.41)
where
~ 21)Df
- = 6.42
L - (6.42)

The spectral dimension d, for bending fractons takes a smaller value than that for
stretching fractons given by (6.37), because of v > 0. This implies that bending
fractons belong to a different universality class than stretching fractons.

The spectral dimension dj, can also be expressed by the elasticity exponent f for
the Young’s modulus Y. The exponent f is defined by

Y o< (p—po) . (6.43)

The critical exponent f defined above can be related to static exponents within the
nodes-links—blobs model as follows. Since the relation K o< YL~ holds (this is
analogous to the relation between the conductance and the conductivity), and with
the help of (6.38), we obtain the relation for the case [, < L < &

Y oc L7V (6.44)
Comparing (6.44) with (6.43) leads to
f=vd+1. (6.45)

We should note that this relation also gives a lower bound for the elasticity exponent
f. From the relations (6.35) and (6.45), we have the relation

F=u+2v. (6.46)

This relation leads to another expression for dy, given by (6.42) as

~ 2VDf

= (6.47)

This is the same as Jst in (6.37) if we replace f in (6.47) by u.

Finally, we should mention the frequency regions of stretching fractons with
DOS given by (6.36) and bending fractons with DOS given by (6.41). There exists
a characteristic frequency «j, corresponding to the mechanical length I, as well as
wg corresponding to the correlation length &. The frequency w; is nothing but the
crossover frequency w. given by (5.46). From the dispersion relation (6.39) with
L =, the frequency wy, is given by
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,B —[De+(1/v)+2]/4
W, & (—) , (6.48)
04

where we have used (6.25). The condition L < [, for example, can be read as
® > wy,. Therefore, stretching fractons [(6.36)] appear in the frequency regime
® > max(w;,, wg), and bending fractons [(6.41)] for w: € w <K wy, . Vibrational
modes in the regime @ <« w; are phonons with the conventional Debye DOS.
Using the known values f = 3.96, v = 4/3, 8 = 5/36 and Dy = 91/48 for 2D
percolating networks, the spectral dimension for 2D bending fractons is estimated to
be dp, ~ 0.78. This indicates that the DOS weakly diverges at very low frequencies.

6.6 Simulation Results for Vector Elasticity

In this section we present simulation results for the DOS of large-scale percolating
networks with vector displacements. In order to clarify the contributions of stretching
and bending fractons, elastic percolating networks with 8/« = 0.01 and 1.0 are
treated. The ratio 8/a = 0.01 allows exclusive examination of the DOS for the
bending fracton regime because the stretching fracton regime is shifted into the high-
frequency region. Figures 6.10a and b show the results for the DOS and the integrated
DOS for percolating networks at p = p., respectively, where the percolating network
formed on a 500 x 500 square lattice has 53 673 occupied sites The sets of force
constants [«, B] in (6.20) are taken as [1.0, 0.01] (filled circles) and [0.12, 0.12]
(open circles), respectively. The cutoff frequency is wp = 2.0784, by virtue of the
above choice of force constants. The DOS, given by filled circles in Fig. 6.10a,
weakly diverges as w — 0 in accord with the theoretical prediction presented in
Sect. 6.5. The value of the bending-fracton dimension d}, obtained by a least-squares
fitting from Fig. 6.10 is dp = 0.79. This value agrees well with the predicted value
(dp = 0.78).

(a) T T T 10 (b) T T T
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10'3 1 1 - 1 a o I 1 1
10° 10° 10" 10° 10" 107 10° 10" 10° 10
(0} (0]

Fig. 6.10. (a) Density of states and (b) integrated density of states of percolating networks
with vector displacements. Solid circles indicate results for the network with stretching force
constant « = 1.0 and bending force constant 8 = 0.01. Open circles are for« = § = 0.12
[6.19]



6.6 Simulation Results for Vector Elasticity 87

In the case of B/a = 0.01 (filled circles in Fig. 6.10), the mechanical length scale
l. becomes smaller than the lattice constant, resulting in an over-large crossover
frequency wj, to distinguish the crossover frequency region. For the case of f/a =
1.0 (open circles in Fig. 6.10), the crossover frequency can be estimated to be close
to w ~ 0.1. Note that the simulation does not exhibit any noticeable hump in the
frequency dependence of the DOS around the crossover frequency as shown by the
open circles in the vicinity of w &~ 0.1. The DOS for 8/a = 1.0 does not exhibit
a distinct crossover to stretching fractons at w;_. This is due to a broad crossover
from stretching to bending fractons. Furthermore, it should be emphasized that the
magnitudes of the DOS in the bending fracton regimes depend on the ratio f/a,
as seen from the filled and open circles in Fig. 6.10. This implies that there exist
missing modes accumulating in a high-frequency region around the cutoff frequency
wp.



7. Scaling Arguments for Dynamic Structure Factors

Inelastic scattering experiments provide rich information on dynamic properties of
fractal structures. A variety of scattering experiments have been performed that are
sensitive to vibrational modes in fractals, among which inelastic neutron scattering
(INS) and light scattering experiments are especially important for investigating the
dynamics of fractal structures. The energy of neutrons of appropriate wavelengths A
for structural and dynamic studies corresponds to thermal energies at temperatures
from a few kelvin to well above room temperature. Because of this wavelength—
energy relation, neutron scattering becomes a powerful technique for studying static
and dynamic structure on atomic scales.

Analyses and interpretations of data obtained by INS experiments for fractal
structures are more complex than those for crystals because of the lack of long-
range order in atomic positions. Consequently, there is no strongly destructive or
constructive interference for scattered waves of neutrons, giving rise to Bragg peaks
in the elastic scattering, and to momentum-conserving selection rules in the one-
phonon inelastic scattering, as is the case for crystals. In fractal structures, we cannot
work around Bragg peaks as in crystals since coherent INS in the appropriate g—
w space is limited by kinematical conditions due to the conservation of energy and
wavevector [7.1,7.2]. Alexander et al. [7.3] have shown that scaling analysis based on
the single-length-scale postulate is an efficient way of interpreting experimental data
concerning inelastic scattering for random fractal structures. This chapter describes
in detail scaling theories of the dynamic structure factor S(q, @) obtained by INS
experiments and the Raman intensity /(w). Numerical evidence for these theories is
also presented.

7.1 Dynamic Structure Factors: Inelastic Neutron Scattering

The dynamic structure factor S(q, w) is proportional to the space—time Fourier
transform of the density—density correlation function defined by

G(lr — 7', = (p(r, Dp(r', 0)) , (1.1

where p(r, f) is the number density at time ¢ and position 7, and the angular bra-
ckets denote the equilibrium ensemble average [7.4,7.5]. The number density with
temporal fluctuations induced by atomic vibration with the displacement w;(f) is
expressed as
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pr, ) =) 8(Ri+wi(n —7), (7.2)
i

where R; denotes the equilibrium position of the i th nucleus. We usually neglect the
contribution of elastic scattering (w = 0) to §(g, ). The dynamic structure factor
8(q, w) is then expressed in terms of the Fourier transform of the density fluctuation
Ap(r, b),i.e.,

1 .
$@.0) = 5 [ € 8o qpq0)ar, (1.3)

where Apq(¥) is the spatial Fourier transform of the density fluctuation Ap(r, £) and
N is the number of sites. The quantity Ap(r, ) is defined by

Ap(r,0) = [8(Ri + wi(t) —7) — 8(R; — )] . (7.4)
From this definition, the Fourier transform Apq(#) becomes
Apg(H) = Z I:e—iq~(R,-+ui(t)) _ e—iq~R,-:| ) (1.5)
i

Decomposing u; () into normal modes w;(f) = ) _, u?e_i“’” , where w; and uf‘ are
the eigenfrequency and eigenvector of the mode A, we obtain

Apg(®) =) Api(g. 1) + OW?) (7.6)
A
where
Api(g, 1) = e M Ap;(q) (1.7)
and
Api(g) = —i)_(qup)e T Fi. (7.8)

Substituting (7.6) with (7.7) and (7.8) into (7.3), the dynamic structure factor S(q, w)
becomes

1
$(g,0) = = D 8@ = ) Bo (@A (-9)) - (1.9
A

The equilibrium ensemble average (- --) contains the thermal average and the en-
semble average at zero temperature. The thermal average produces the thermal
factor [n(w) + 1]/, where n(w) is the Bose—Einstein distribution function. Hereaf-
ter, we consider the dynamic structure factor divided by this thermal factor, namely,
S(q, w) > wS(q, w)/[n(w) + 1]. The reduced S(q, w) is then given by
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1
S(@ @) = = D 8@ = ) (A0 (DAL (~@)en (7.10)
A

where (---)en denotes the ensemble average at zero temperature. Introducing the
density of states (DOS), we can replace the summation over A in (7.10) by a frequency
integral as

5(q, ) = D(@){Apr(@Apr(—D)w (7.11)

where D(w) is the DOS of vibrational modes per atom and {---), denotes the
average over all modes with frequencies close to w. It should be noted that the
variable g(= |q|) of S(g, @) in (7.11) is a scalar quantity. This is because we assume
the isotropy of random fractal systems in our analysis.

In principle, S(g, ) can be calculated analytically using (7.11) with (7.8), if we
know the eigenvectors w;}" for a specific realization. However, this is not easy using
analytical arguments because of the extremely complicated character of vibrational
modes in fractal structures. In addition, we should emphasize that the dynamic
structure factor S(g, w) represents plane-wave components of the eigenvectors since
it is defined through the spatial Fourier transformation. If the eigenmode is a plane
wave, S(g, w) of a function of w becomes a §-function with a peak at a specific
frequency. The dynamic structure factor S(g, @), however, has a large frequency (or
energy) width for fractons above the phonon-fracton crossover frequency w.. We
should clarify the meaning of this frequency width. Obviously, exact eigenstates
possess definite eigenfrequencies and have no frequency width. A localized fracton
can be expanded in plane waves. The width of S(g, @) should be understood as the
frequency range over which frequencies of the constitutive plane waves vary.

7.2 Single-Length Scaling Arguments

The asymptotic behavior of the dynamic structure factor S(g, w) can be analyzed
in terms of the single-length-scale postulate (SLSP), by introducing the frequency-
dependent length scale A(w) [7.3]. The physical meaning of A(w) is the length scale
representing the wavelength and/or localization length of fracton excitations. From
the dispersion relation of fractons (5.41), this length scale is given by

Aw) o w%/Pr (7.12)

The SLSP claims that the length scale A(w) is a unique characteristic length of
fractons. If the SLSP is valid, S(g, w) should be scaled only by A(w), so that

S(g, w) = ¢"H(qA) , (7.13)

where y is an exponent. The scaling function H(x) is assumed to behave asymptoti-
cally as
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x4, forx <1,
H(x) (7.14)
x4, forx > 1.

Here a and o’ are new scaling exponents. Combining (7.12) with (7.13), we have

g7 +awads/Dx forgA(w) < 1,
Sq.0) ~ (7.15)
qy—a’wa’ds/Df , forgA(w) > 1,

where we have used the relation (7.12). B
The exponents y, a, and @’ can be related to other exponents such as Dy and d.
In the case gA < 1, (7.8) can be expanded as

Api(g) ~ —e 9D (g RD)(qu)) (7.16)

1

where R;\ = R,— R, with R, defined as the center of the A-mode fracton excitations.
The summand in (7.16) can be written in terms of the dyadic product as q-(Rl-A ®
u;\)-q. Choosing the center of the fracton excitation as the origin, i.e., R; = 0, and
using the condition Zi uf\ = 0, we have the relation

Vi
Api(@) ~ =) q [Rf ® (u} —w)]-q., (7.17)

where u; is the amplitude at the center of the A-mode fracton and the summation
is restricted to a vibrating region V, chosen as the smallest region for which the
boundary condition plays no significant role for the vibration A. We introduce an
average strain tensor e, defined by

ul —up =R} . (7.18)
Using this strain tensor, (7.17) can be written

i

Vi
Apr(q) = —q- [Z(R? ® R?)a} q. (7.19)

The RiA in V, are at most of order A(w), so that the magnitude of Ap; (g) can be
estimated as

Api(q) o q* A@) e (7.20)
Substituting (7.20) into (7.11), we have

S(q, ) o« D(@)g* [ A@) PP (@), - (7.21)
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Alexander et al. [7.3] assumed that (az)w has a scaling form. To leading order,

u(w)
[A(@)]’

[(@2),]" (1.22)

where the root-mean-squared amplitude u (w) of the fracton modes is defined by

. v 1/2
u(w) = [<E lZ|u¢|2> } ) (7.23)

Here N, is the number of sites contained in the region of vibrations, V, [i.e.,
(N1)o o A(w)Pr]. The new exponent o thus characterizes an effective length
relevant to the average strain, analogous to the relationship between the chemical and
Euclidean lengths. The magnitude of u(w) is proportional to [A(w)]~Pf/? because
of the normalization condition Y, [u}|* = 1. From (7.21), (7.22), and (7.12), we
have

S(g, w) o g w®=HE/DD-1 - for s A(w) < 1. (7.24)

Thus, the exponents y and a in (7.15) are determined as

D
y=20— =, (7.25)

S

and

D
a=4+-6—?£—20. (7.26)

S

In the case gA(w) > 1, the phase factor e ¢ # in (7.8) is uniform (coherent)
only over small regions of size [, « ¢g~! [« A(w)]. Provided that the vibrating
region V, is divided into blobs of size [; < A(w), the number of blobs in the region
V;. is proportional to [g A (w)]?f and each blob has ~ (ga) =P particles. Then, as for
the derivation of (7.16), we can expand (7.8) for small g to obtain

vl
Aps(@) ~ Y e B8 | —i(ga) Pi(qUY) = Y (grgu)) |, (2]
B i

where Ry is the center of mass of the blob 8 and r;, = R; — Rg. The factor

U? ~ (qa)™ Zlv ; u? is the averaged motion of the blob g in the eigenmode 1. The
second summation in (7.27) is taken over the region of the blob 8. Inserting (7.27) into
(7.11), we have the phase factor exp[—igq-(Fg — Rg)]. Because there is no coherent
contribution of the scattering from different blobs in this limit [gA(w) >> 1], only
terms with 8 = g’ remain. Alexander et al. [7.3] suggest that the first term dominates
the second term in (7.27) for g A(w) > 1.
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We thus have the result
8(g, @) o D@[A@)]7g*P{(U)), (7.28)

When the number of particles in each blob becomes large, i.e., (ga)~?f > 1, the
magnitude of ((U f )?),, is assumed to be

(U, ~ (qa)* ud)y (7.29)

where x is a new exponent. The dynamic structure factor S(g, w) is expressed using
the relation u(w) o [A(w)]~Pf/2, which yields

S(g, w) x Wb 1g?Prx (7.30)

Comparing this expression with (7.15), we have

2—Di+x=y—d, (7.31)
and
D¢ -
d = de(ds —1). (7.32)

S

The exponent x can be related to o using (7.25) and (7.31), which yields
x=20c—-1). (7.33)

To summarize, the scaling argument based on the SLSP predicts that S(g, @) behaves
as

g o@o—9ds/Dp=1 forgA(w) < 1,
S(q, ) o ~ (7.34)
g2 Digds1 forgA(w) > 1.

7.3 Numerical Simulations of S(¢, ®)

This section presents numerical results for S(g, w) in percolating networks by ap-
plying the powerful numerical technique called the forced oscillator method [7.6].
The method enables us to calculate various types of linear response functions in
large-scale systems and has been successfully applied to various physical problems
including quantum systems [7.6].

Figure 7.1 shows the results for 3D BP networks formed on 120 x 120 x 120
simple-cubic lattices with (a) p = 0.249 (= p.) and (b) p = 0.31 [7.7]. The
w-dependencies of S(g, w) are given for five different g along the [100] direc-
tion. Periodic boundary conditions are adopted for calculations and the Bose factor
[n(w) +1]is factored out. The dynamic structure factors S(g, w) at and above p. have
completely different profiles at low wavenumbers. There should be a crossover from
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S(q,w) (arb. units) S(q,w) (arb. units)
(a) (b)
120x120x120 120x120x120
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Fig. 7.1. Calculated dynamic structure factors S(g, ) for 3D BP networks formed on 120 x
120 x 120 cubic lattices with (a) p = 0.249(= p.) and (b) p = 0.31

phonons to fractons in Fig. 7.1b, because the correlation length of the percolating
network above p. is finite. The crossover frequency w, of the system for Fig. 7.1b is
estimated from Fig. 6.3 as w, =~ 0.07. For small wave vectors g(< & -1, sharp peaks
appear in the low-frequency regime. With increasing ¢ = |q|, peak positions shift
to the higher-frequency region. When the peak position shifts above o, = 0.07, the
widths (z~!) of peaks increase very rapidly. This indicates that linewidths of fractons
are very broad, originating from the Ioffe-Regel strong scattering limit (t7! &~ w).

Figure 7.2 is a rescaled plot of Fig. 7.1a. The abscissa in Fig. 7.2 represents the
reduced frequency w/wy(q), where wy(q) is the frequency at which S(g, w) takes
the maximum value S;,,x(g) for each fixed wavenumber. Values of S(g, w) are also

10' T .
120x120x120
10°F PR e - E
3 .p’-.' 'O' P=p. 3
CDE -.:. "' ]
1 ¢
= 107F ¢ -
3 3
e l.
10°F ‘e, 1
®
]
10° . .
10" 10° 10'
/o,

Fig. 7.2. Rescaled plot of Fig. 7.1a. The abscissa represents the reduced frequency w/wo(g),
where wy(q) is the frequency at which S(g, @) takes the maximum value Sp,x for each fixed
wavenumber. Values of S(g, w) are also reduced by Smax(q)
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rescaled by Smax(g). All data collapse onto a single curve. This fact demonstrates a
universal behavior of S(g, w) that can be scaled by the single frequency wy.

We have demonstrated the validity of the single-length-scale postulate (SLSP)
by analyzing the simulated result for S(g, ®). The SLSP is based on the idea that, for
strongly disordered fractals, fractons always lie in the Ioffe-Regel strong scattering
limit [7.9]. This means that the three distinct length scales (the wavelength A, the
scattering length /g, and the localization length A) collapse into one. For percolating
networks, this length scale should have the frequency dependence A(w) ox @™4/Pr.
Hence, all waves with the wavelength A < & satisfy the loffe-Regel condition
A & [, indicating that fractons are strongly localized with localization length A (w).
The numerical simulations presented in this section confirm this postulate and show
that the asymptotic behavior of S(g, @) can be characterized by the exponent o
introduced to describe the average strain [7.3]. For weakly localized phonons, the
characteristic lengths have different frequency dependencies [7.10].

7.4 Inelastic Light Scattering in Percolating Systems

The single-length-scale postulate (SLSP) can also be applied to analyze the frequency
dependence of inelastic light scattering intensities from random fractal materials. The
validity of the SLSP can be demonstrated by inelastic light scattering experiments,
in addition to neutron scattering experiments and numerical simulations. Tsujimi
et al. [7.11] have performed Raman scattering experiments for silica aerogels and
found the power-law dependence of the Raman scattering intensity on frequency.
The Raman scattering intensity Iog(w) (@, 8 = x, y, z) is given by

lup(@) = 5o [ e Sl 0ty (7.35)
ij

where (---) is the thermal average, N the number of sites, and fo 8 (¢) the polari-

zability at the site i. The polarizability foﬂ(l) can be expanded in terms of small
displacements around the equilibrium positions of the atoms as

Mag

J
duy

Hop(®) =t + Y —ul 1) (7.36)
v

where 1/, p and Emfx s/ 8u,]; are defined at the equilibrium positions. The displacement
ufx () is further decomposed into eigenmodes of the system as

ion_ | P Ay
ua(z)_,/ZN; ﬁea(x), (1.37)

where efx (1) and w;, are the e-component of the eigenvector €' (1) of the mode X at the
site i and the corresponding eigenfrequency, respectively. The quantity A, (¢) is the
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time-dependent expansion coefficient. Here we assume that the atom has unit mass
(M = 1). Substituting (7.36) and (7.37) into (7.35) and neglecting the contribution
from elastic scattering, we obtain

Lyp(w) = 4N2 Z m;;d(k)e ) fly £l (7.38)
x / e (A; (1) A, (0))dt
where
. a,uaﬂ
ey = Z ol (7.39)

We note that the coefficient A, () satisfies

1 / 69 (A, (1) Ay (0))dr (7.40)
2
= S {[n(wy) + 118(w — wy) + n(w)d(w + wy)}

where n(w) is the Bose—Einstein distribution function expressed by n(w) = 1/ (ePo—
1). Using (7.40) without the second term on the right-hand side due to w > 0, the
relation (7.38) becomes

2

h 1
lop@) = 505t Yow=an | X ey (7.41)
Iy

Let us introduce a new quantity C,(w) called the Raman coupling coefficient, which

is defined by

2

hZS(a) wy) Z fls el (M)

Cop(®) = . (7.42)
P 2N? Z 8(w — ;)
A

Using the Raman coupling coefficient, (7.41) becomes

Lp(@) = %D(m)w(w) , (7.43)

where D(w) is the DOS.

There exist several mechanisms to produce the Raman scattering intensity. Ine-
lastic light scattering is a consequence of oscillating dipoles which are proportional
to the local electric field E(r;, r) at scatterers. If the local field E (r, ) is proportional
to the applied field E« (7, 1), the frequency dependence of the scattering intensity
becomes the same as that of the dynamic structure factor S(g, w) for gA(w) <K 1,
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because the polarizability is' proportional to the mass fluctuation [see (7.24) in
Sect. 7.2]. This scattering mechanism is called the direct mechanism. In many disor-
dered materials, however, the local field E(r, f) is the sum of the applied external
field E (7, t) and the additional field E(r, 1) induced by all other surrounding di-
poles. This mechanism, called the dipole-induced dipole (DID) mechanism, leads to
a different expression for /,g(w) than the one due to the direct mechanism. Hereafter,
we discuss the Raman scattering intensity due to the DID mechanism.

Within the DID mechanism, fof By is found to be [7.12]

(7.44)

: o Saﬂrg + 5,3yrf,j + 8Wrij rdrdpd
] ~iejl B BY
afy = § :'““ K l: 3 [ +15 [ |
i

where r is defined as the a-component of 7/ = R — R/, and i/ is the bare
polarizability of the site j. Here the bare polarizability at each site is taken to be
isotropic. In the case of percolating networks, the value of i/ is given by

4 1, for occupied sites ,
il = (7.45)
0, for unoccupied sites .

Alexander et al. [7.3] have discussed the frequency dependence of the Raman
coupling coefficient C(w) by means of the scaling theory based on the single-length-
scale postulate (SLSP). Since the average field E is proportional to the density of
dipoles within the vibrating volume V; of size A(w), we have

SE x [A(w)]P e Eey | (7.46)

where e, is the average strain introduced by (7.18) and E. is the applied external
field. This induced field acts equally upon all [A(w)]?f dipoles in V. The total
dipole moment is thus proportional to [A(w)]?Pt~%e;. Using (7.12) and (7.22), we
obtain [7.3]

Clw) o PO+ Pr=3ds (7.47)

where o is the exponent describing the average strain defined by (7.22). Alexander
et al. [7.3] have suggested that the value of o(> 1) should not be much larger than
unity.

Figure 7.3 shows the numerical results for the Raman scattering intensities
caused by the DID mechanism for 3D BP networks calculated using the forced
oscillator method [7.6]. Figure 7.3a shows the reduced Raman scattering intensity
Iop(w)/(n + 1) as a function of frequency w for a BP network at the percolation
threshold (p. = 0.249). The system size is N = 264 311. Solid circles and solid
squares in Fig. 7.3a represent the calculated results for polarized scattering [(«, 8) =
(x, x)] and for depolarized scattering [(«, ) = (x, y)], respectively. We clearly see
the power-law dependence
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Fig. 7.3. (a) Angular frequency dependence of the reduced Raman intensity Iyg(w)/(n + 1)
of a 3D BP network at p.(= 0.249) formed on a 120 x 120 x 120 cubic lattice. Solid circles
and squares represent the calculated results for polarized scattering [(«¢f) = (x, x)] and
depolarized scattering [(¢B8) = (x, y)], respectively. (b) The w dependence of the reduced
Raman intensity I, (w)/(n+ 1) of a 3D BP network at p = 0.31 formed on a 120 x 120 x 120
cubic lattice [7.7]

Lz (w) 0.4440.05 (7.48)
n(w) +1 ’ .
and
Liy(w) o 0463005 (7.49)
n(w) + 1

Equation (7.43) and the fracton DOS D(w) o< w'/? lead to the power-law dependence
of the Raman coupling coefficients

Cxx(w) x a)0.23:|:0.05 , (750)
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and
Cry(@) oc 212005 (7.51)

in the fracton regime. From these results, the value obtained for the exponent o in
(7.47) is close to unity, viz., o0 = 0.97 £ 0.05.

Figure 7.3b gives the reduced Raman intensity I,,(w)/(r + 1) for the 3D
BP network at p = 0.31(> p.). A drastic change in the w-dependence of the
reduced Raman intensity is observed at @ ~ 0.07. For v >» ., the calcu-
lated results show that I,;(w)/(n + 1) is proportional to w="%, which is the
same power-law dependence as the solid circles in Fig. 7.3a, indicating the
contribution from fractons. The intensity from fracton excitations in Fig. 7.3b
is smaller than that in Fig. 7.3a. This is because the number of fractons (per
atom) in a system above p. is smaller than that for p = p. as shown in
Fig. 6.5. The calculated w-dependence of the reduced Raman intensity I, (w)/(n+1)
is proportional to w® for @ < @, indicating the phonon contribution. Substituting
the phonon density of states D(w) o @’ and L (w)/(n + 1) x o’ into (7.43), it
is found that the Raman coupling coefficient behaves as Cy,(w) « w?, which is
consistent with the expected behavior of C,,(w) for phonons obtained using (7.42)
withdy, = Df =d =3 and o = 1. Figure 7.3b presents clear evidence for the
power-law dependence of the Raman intensity above and below the phonon-fracton
crossover frequency ..

To summarize this section, the w-dependencies of the Raman scattering intensi-
ties have been considered for percolating networks, especially for scattering by the
dipole-induced dipole mechanism. For 3D percolating networks at p., the validity
of the SLSP has been confirmed. For the w-dependence of the Raman scattering
intensity for percolating networks above p., calculated results indicate clear phonon
contributions in the lower-frequency regime (w < ). In the higher-frequency
regime (w > ), the reduced Raman intensity has the same w-dependence as that
for networks at the percolation threshold p., which indicates scattering from fracton
modes. This supports the applicability of the scaling theory for the Raman scattering
intensity to real systems such as silica aerogels [7.11].



8. Spin Waves
in Diluted Heisenberg Antiferromagnets

Randomly diluted magnets provide ideal systems for investigating the dynamic
properties of percolating networks. Spin waves excited in diluted magnets possess
an anomalous dispersion relation like vibrational fractons when:

magnetic ions form a percolating structure,

coupling between spins is described by the Heisenberg interaction,
anisotropy is negligible,

spin—spin interactions are short range,

randomness does not introduce spin frustration.

We show in Appendix C that spin waves in ferromagnetic percolating systems belong
to the same universality class as vibrational ones. This is because the equations
of motion for vibrational excitations and those for ferromagnetic spin waves can
both be mapped onto the master equation for diffusing particles. However, the
linearized equation of motion for antiferromagnetic spin waves is described by
a different type of equation to the above cases. The spectral dimension dar of
percolating antiferromagnets should therefore take a different value from d, ~ 4/3.
What value does dar take for percolating antiferromagnets? This is not only an
intriguing problem, but it is also vital for our understanding of the dynamics in
diluted antiferromagnets.

For these reasons, the present chapter is mainly concerned with spin-wave dyna-
mics in diluted Heisenberg antiferromagnets. We present the theoretical upper bound
of the spectral dimension dap from dynamic scaling arguments. We also show the
frequency and wavenumber dependencies of the dynamic structure factor S(g, ®)
of percolating Heisenberg antiferromagnets at p., based on the single-length-scale
postulate (SLSP). These results will be confirmed by means of direct numerical
simulations for S(g, ).

8.1 Spin Waves in Percolating Antiferromagnets

There are several diluted Heisenberg antiferromagnet systems satisfying the five con-
ditions listed above. Among these, RbMn, Mg, _,F; is an ideal isotropic Heisenberg
antiferromagnet since the magnitude of anisotropy is very small and the exchange
interaction is dominant only for nearest neighbours. A pure system of RbMnF; has
a cubic perovskite structure in which magnetic ions lie on a simple cubic lattice
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with the exchange interaction energy J = 0.29 meV [8.1,8.2]. In a diluted system,
the magnetic Mn** and nonmagnetic Mg?* atoms are randomly arranged on the
cubic lattice. Mn,Zn;_,F; (x is the concentration of magnetic ions) is a 3D diluted
antiferromagnet with spins § = 5/2 that satisfies most of the above conditions, but
has weak anisotropy [8.3]. A pure system of MnF, (x = 1) is a representative 3D
Heisenberg antiferromagnet with the rutile structure. Below the Néel temperature,
In = 67.4 K, Mn spins align along the ¢ axis because of weak anisotropic Ising
interaction between Mn moments. Hereafter we use the concentration of magnetic
ions p instead of x. The Néel temperature Ty of a percolating antiferromagnet is
proportional to (p — p.)*~", where the exponents u and v are the conductivity and
the correlation length exponents of a percolating system, respectively [8.4,8.5]. The
Néel temperature Ty vanishes at the critical concentration p.. We assume that the
length scale &y of the Néel order is much longer than the wavelengths of spin waves.
Note that & is different from the correlation length defined by (3.2).

The Hamiltonian for a diluted Heisenberg antiferromagnet on a percolating
network is given by

1
H= E;JUS[-SJ», (8.1)

where S; denotes the spin vector with magnitude S at site i, and J;; is the exchange
coupling between nearest-neighbor spins at sites i and j. We choose Jj; as J;; = 1
if both sites i and j are occupied, and J; = O otherwise. For p < p, there is
no long-range magnetic order of spin configurations, even at T = 0, because no
infinitely connected cluster exists below p.

Introducing new quantities Sii = §7 £1iS;, the Hamiltonian is rewritten in the
form (see Appendix C)

1 1
H= >y [E(S,*S; +87SH+ S;Sj] : (8.2)
iJ

The Heisenberg equation of motion for Si+ is found to be

ast

ih7 =[S, H] (8.3)
1
=3 Y d |18 SFS; +57s+ I 83 (8:4)
i

If the spin deviations are enough small, S7 can be approximated by $7 =~ o;8,
where o; is 41 for a site i belonging to the spin-up sublattice and —1 for a site i
belonging to the spin-down sublattice. Using this approximation and the relations
[SF, S;1=68;8; and [}, S71 = £8;;S;", we have

s+
05,
i

=o0; y_JS(ST+SH . (8.5)
i
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The linearized equation of motion for the spin deviation S; from the perfect Néel

order, in units of S/A = 1, is expressed by

asT + 4 ot

i =oi ZJ,-,»(S]. +55 . (8.6)
J#

The same equation holds for ST (= S —i5;).
This equation has a different structure to the equation for ferromagnetic spin
waves. The latter are governed by

3Si+ + +
D=2 di(Sf=Sh, ®8.7)

i )
J#

which has the same structure as the master equation for diffusing particles shown in
(C.1) or the equation of motion for atomic vibrations with scalar displacements given
by (C.6). In order to clarify the difference between (8.6) and (8.7), let us consider
the secular equation corresponding to (8.6), which has the form

Y Dyuj(h) = i) (8.8)
j

where u; (1) is the normal mode belonging to the eigenfrequency wy, i.e.,

ST =) Auye (8.9)
A

and A, is a constant. The matrix element D;; is given by

Dij = o; (Jij + 8 Z Jik) . (8.10)

k

From this definition, we see that the matrix {D;;} is asymmetric (that is, D;; =
—Dj; for i # j) due to the prefactor o; and the sign of the second term in the
parentheses on the right-hand side of (8.10), which differs from the symmetric
matrix for ferromagnetic spin waves (8.7). In addition, we have the relation

> Dy #0,
J
while the corresponding matrix for (8.7) satisfies the condition
> D;=0.
J

Figure 8.1 shows the differences between the two matrices. These differences are
crucial in our problem. We must describe the problem from a different point of view
from vibrational or ferromagnetic cases.
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Fig. 8.1. Characteristics of the matrices {D;;} describing (a) ferromagnets and (b) antiferro-
magnets. The symbol z represents the coordination number

An asymmetric (as well as non-Hermitian) matrix has two different sets of
eigenvectors called the right eigenvector w (1) defined by

waui(A) =Y Dyu;(A) (8.11)
J

and the left eigenvector v(A) given by

w0 (0) =Y v, (DY . (8.12)
J

These eigenvectors belong to the same eigenvalue w, of the matrix (8.10). Although
the left (or right) eigenvectors do not form an orthogonal set themselves due to
the asymmetry of the matrix {D;;}, they do satisfy biorthogonality conditions [8.6].
These are written as

D wvi ) =8y, (8.13)

A

and

D u M) =8, (8.14)

Note that u(A) and v(A) are linearly independent and form a complete set of vectors,
although they do not form an orthogonal set.

8.2 Antiferromagnetic Spectral Dimension
and the Upper Bound of dar

We consider spin-wave excitations on a diluted Heisenberg antiferromagnet with
concentration p above p., where the correlation length &(p)o|p — p.|" becomes
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finite. The system can be regarded as homogeneous at length scales longer than £ and
we can expect conventional spin-wave excitations with wavelengths much larger than
& (the hydrodynamic limit), which are characterized by a linear dispersion relation

w=c(pk, (8.15)

where k is the wavenumber and c(p) is a concentration-dependent stiffness constant.
Using the phenomenological expression for the hydrodynamic long-wavelength spin
waves, it has been shown [8.7] that the stiffness constant ¢(p) in the above is given

by
24 172
c(p)=vy <x_> . (8.16)

1

Here y is the gyromagnetic ratio, x, is the transverse susceptibility, and A is defined
as a measure of the energy needed to create a spatial variation in the staggered ma-
gnetization. The quantity A is proportional to the conductivity of the corresponding
resistor network [8.8,8.9]. The p dependence of y, takes the form

XL ox(p—p) " (8.17)

The exponent t describes the critical behavior of the transverse susceptibility x, .
The stiffness constant c(p) in (8.16) therefore varies with the concentration p as

c(p) o« (p — po)#72 (8.18)

where u is the conductivity exponent introduced in (5.4).

The dynamical scaling argument for spin waves in percolating antiferromagnets
can be constructed with the aid of the above hydrodynamic descriptions. Since & is
a unique length scale characterizing the system, the scaling form of the dispersion
relation may be written

w = kKAFFkE) , 8.19)

where we call zar the dynamical exponent and F(x) is a scaling function. In the
hydrodynamic regime (k§ < 1), the linear dispersion relation (8.15) should hold,
and the scaling function F(x) becomes proportional to x1724F for x « 1. The
dispersion relation (8.15) leads to

w o EITAFE (8.20)
With the help of (8.18) and the relation &(p)  |p — p.|™", we obtain the relation

utrt

v
At the opposite extreme, k& > 1, the dispersion relation should not depend on the
correlation length &, and this leads to the form

® X k*AF (8.22)

(8.21)

Zar =1+
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Excitations obeying this dispersion relation are regarded as antiferromagnetic spin-
wave fractons.

We can apply the same discussion as in Sect. 5.4 to (8.22). We find that the DOS
of antiferromagnetic spin-wave fractons becomes

D(w) o w'aF=1 (8.23)

where the exponent d AF 18 given by [see (5.39)]

e = 20— 20D (8.24)
AT aF tptt '

The exponent dr is the spectral dimension of antiferromagnetic fractons. Provided
that 7 is replaced by —f in the above, the expression (8.24) for d AF becomes the
same as that for the spectral dimension of ferromagnetic fractons, i.e., ds, as defined
in (5.20). Since T and B are positive, the following inequality holds for any Euclidean

dimension d :
JAF < Js . (825)

In the hydrodynamic regime, the linear dispersion relation (8.20) leads to the
conventional spin-wave DOS described by

D(w) o (p — po) 4BF0240=1 (8.26)

The crossover frequency w, from extended or weakly localized spin waves to fractons
is the frequency at which the wavenumber £ is equal to 27£ 71, i.e., w. & c(p)&~!,
so the concentration dependence of the crossover frequency . is given by

We & (p — po)"TEHI2 o (p — pe)VPr/dar (8.27)

The lower bound of the susceptibility exponent t for d-dimensional percolating
antiferromagnets is given by [8.7]

t>pu—-B+Q2—dv. (8.28)

This inequality becomes an equality for d > d., where d. = 6 is the upper critical
dimension of percolating systems. Using (8.21), (8.24), and the inequality (8.28),
the lower bound of the dynamical exponent zar and the upper bound of the spectral
dimension d AF are given by

2u—B+@-—dv

ZAF = N , (8.29)
and

N 2(vd — B)

dAFSZ,u—ﬂ+(4—d)v’ (8.30)
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respectively. Here we have used (3.34). Taking into account the Alexander—Orbach
conje~cture ds~ 4/3,ie., u =~ [v(3d —4) — B1/2 [see (5.22)], the exponents T, zaF,
and dar are bounded by

T> %(vd -38), (8.31)

zaF > Dy, (8.32)
and

dap < 1. (8.33)

The last inequality (8.33) is particularly interesting, since the upper bound does not
depend on the Euclidean dimension d [8.10].

8.3 Numerical Simulations of Antiferromagnetic Fractons

In this section, we try to confirm the above theoretical predictions by numerical si-
mulations. A powerful numerical method called the forced oscillator method [8.11]
is applied to calculate the DOS of spin-wave fractons excited on percolating an-
tiferromagnets. Bond-percolating (BP) spin systems are treated here, because the
fractality of BP networks is relevant for length scales even shorter than those for
site-percolating (SP) networks, as mentioned in Sect. 3.2.

Results for the DOS per spin of antiferromagnetic fractons in BP networks at
p. are shown in Fig. 8.2a. Filled squares represent the result for a 2D spin system
which is formed on a 1 100 x 1 100 square lattice at p. = 0.5 with periodic boundary
conditions. The network contains 657 426 spins. The frequency resolutions of these
data are high enough to be able to obtain a definite conclusion. The least-squares
fitting for the lower frequency data gives D(w) o @?F~! with dap = 0.99 £ 0.04.
This power law holds even in the very low frequency regime because the correlation
length reaches the system size L (= 1100) at p = p.. Above w ~ 1, the DOS
does not follow this power-law dependence. This is due to the fact that the system
is not fractal for length scales shorter than the wavelength of these modes with
eigenfrequencies w = 1.

The DOS for 3D BP spin networks at p, = 0.249 is also shown in Fig. 8.2a (filled
triangles). For display purposes, these are shifted upward by an order of magnitude.
The result shows the DOS averaged over three percolation realizations. These three
networks are formed on 100 x 100 x 100 simple cubic lattices with periodic boundary
conditions. The calculated DOS at low frequencies exhibits constant behavior as a
function of frequency, as in the case of the 2D BP network. The least-squares fitting
gives dar = 0.98+0.04. The DOS for 4D BP networks at p. = 0.160 is represented
by filled circles in Fig. 8.2a. These are also shifted upward for display purposes, this
time by two orders of magnitude. The BP networks of six realizations are formed
on 28 x 28 x 28 x 28 hypercubic lattices. The result is obtained by averaging
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Fig. 8.2. (a) DOS per spin for 2D (squares), 3D (triangles), and 4D (circles) BP antiferro-
magnets at p = p.. For graphical reasons, the triangles (3D) and the circles (4D) have been
shifted upward. (b) Integrated DOSs corresponding to the DOSs shown in (a). Data for the
3D and 4D cases have again been shifted upward [8.10]

over the DOSs of these systems. From the DOS data, we see that the value of the
antiferromagnetic spectral dimension is dap = 0.98 40.04 for 4D spin systems. The
corresponding integrated DOSs are presented in Fig. 8.2b. These data bring out the
power-law dependence of the antiferromagnetic fracton DOS more clearly.

These numerical results for the spectral dimensions dar suggest that, for any
Euclidean dimensions, the values of dap are close to unity, the upper bound of
the spectral dimension predicted by the scaling argument. We therefore expect the
following relation for any Euclidean dimension d [8.10]:

dar=1. (8.34)
This relation becomes rigorous above the upper critical dimension d. = 6. The
relation (8.34) for antiferromagnetic fractons corresponds to the Alexander—Orbach
conjecture (5.21) for vibrational or ferromagnetic fractons.

Using (8.24) and numerically obtained values for dar, we can determine the
values of the dynamical exponent zg as 1.91, 2.53, and 3.18 for 2D, 3D, and 4D
percolating networks, respectively, where the known values of fractal dimensions
Dy = 91/48 (2D), 2.48 (3D), and 3.12 (4D) are used. By using the known values
of exponents v and i (v = 4/3, 0.88, and 0.68, and p = 1.26, 2.02, and 2.39 for
d = 2, 3, and 4, respectively), the values of the susceptibility exponent t are also
obtained from (8.21) as T = 1.18 (2D), 0.67 (3D), and 0.58 (4D). We list the values
of these exponents in Table 8.1.
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Table 8.1. Various exponents describing antiferromagnetic fractons [8.10]

Exponents d=2 d=3 d=4

daF 099 098 098
ZAF 191 253 3.8
w 126 202 239
T 1.18  0.67 0.8

8.4 Scaling Theory of S(g, @) for Percolating Antiferromagnets

We claim to begin with that spin-wave fractons can be characterized by a single
frequency-dependent length scale A(w), which scales as

Alw) o @ V/7AF (8.33)

where zaf is the dynamical exponent defined by (8.21). The relation (8.35) cor-
responds to (7.12) for vibrational fractons. The above assumption implies that the
single-length-scale postulate (SLSP) is relevant to antiferromagnetic fractons, as
well as vibrational fractons (see Sect. 7.2). This is quite natural, because the SLSP
is a general feature of all kinds of fracton excitation. The SLSP leads to a dynamic
structure factor S(g, w) for percolating antiferromagnets of the form

S(g, w) = g F(g4) , (8.36)

where F(x) is a scaling function and y is a new exponent characterizing S(g, ).
It should be noted that the dynamic structure factor averaged over all possible
realizations of percolating networks is described as a function of g (= |q|) due to
the spherical symmetry of the systems, similarly to the vibrational fracton case. The
analytic expression for S(g, w) in the hydrodynamic regime (g < 1) is obtained
for percolating antiferromagnets above p. using a Green’s function technique [8.12,
8.13]. This analysis suggests that S(g, w) takes a Lorentzian form with respect to
frequencies. It is reasonable to assume that the frequency dependence of S(g, ®)
keeps the Lorentzian form even in the fracton regime (g€ >> 1). In this case, S(g, ®)
is written as

Iq)
[0 — wp(@> + T (g)

S(g, w) = I(q) (8.37)

where w;(g) is the frequency at which S(g, w) takes its maximum value for fixed
g, and I(g) and I(q) represent a width of the line and a g-dependent intensity,
respectively. The SLSP requires both the peak frequency wp and the width I" to
have the same wavenumber dependence, i.e., wy(q) = wog™F and I'(g) = [pg*¥,
where z4r is the dynamical exponent defined by (8.21). With the help of (8.35), the
right-hand side of (8.37) is thus written in the form I(q)G(qA)/q*F, where G is a
function of g A(w). The scaling function F(gA) in (8.35) is then given by
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q°G(gA)

qZAF

FlgA(w)] = I(g) (8.38)

Because the right-hand side of (8.37) should be a function of g A(w), I(g) is propor-
tional to g*AF Y. We therefore obtain S(g, @) in the form

pquZAF—y
(@ — woq?aF)? 4 IqPear

8(g, w) = So (8.39)

where Sy is a numerical constant. Equation (8.39) predicts that S(g, @) has asymptotic
behavior

W 2qIEAR forgA(w) < 1,
S(q. ) = (8.40)
g7, for gA(w) > 1.

We should note that S(g, w) does not depend on w for large wavenumbers
[gA(w) > 1].

8.5 Large-Scale Simulations for S(g, w)

Numerical calculations help us to confirm the above predictions for the asymptotic
profiles of S(g, ®). To this end, we must treat large-scale percolating antiferroma-
gnets. We first describe in brief an efficient numerical algorithm for calculating the
dynamic structure factor [8.14]. The dynamic structure factor S(q, w) is related to
the generalized susceptibility x(q, @) by

S(q, w) = sgrfrlolm [x(q, @ +18)] . (8.41)

The generalized susceptibility x(q, w) is defined as the spatial Fourier transform
of the two-point susceptibility x;;(w) = S (a))/h;r(a)). The symbols S (w) and
h;-L(a)) represent the temporal Fourier transform of S;r () and the transverse field
hj(t) = h)]‘.(t) + ih?(t), respectively. The equation of motion for spin deviations of
the antiferromagnet under the staggered transverse field a,-h;”(t) is

-3Sz'+ + + +

i~ =0 > TS+ SH — ok (@) (8.42)

J#i

where o; is the quantity introduced below (8.4). The temporal Fourier transform of
(8.42) is

D Ny(@)ST (@) = —hi () | (8.43)
J

where N;;(w) is defined by
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Nij(w) = oi(wd;; — Dy) , (8.44)

and Dj; is given by (8.10). From (8.44) and the definition of the two-point susceptibi-
lity, x;; (@) can be expressed as x;;(w) = —[N(a))‘l]ij, where N(w) ™! is the inverse
matrix of the matrix N(w). The generalized susceptibility x(g, ) is then given by

x(q, ) = —% D B [N@) ] e R (8.45)
if

where R; denotes the position vector of the spin ;. Introducing a vector v’(A) defined
by

D v Woju;0) =8, (8.46)
A

the summand of (8.45) can be expressed as
TR [N(w) ], e TR Zelq BBy () [N@) '] o) . (8.47)
Substituting this expression into (8.45), we should carry out the summation with

respect to the suffix j,ie., > j[N (a))‘l]ija ju j(A). This can be calculated as follows.
From the definition of N;;(w) in (8.44) and (8.11), we have

D Nyj()u;(0) =0, (8.48)
J

and
Nij(w) — Nij(wr) = oi(@ — )85 . (8.49)
We thus obtain the relation

Z Nij(@u;(A) = (0 — w)oiui(2) . (8.50)

This relation leads to

Yo [N@] om0 =

J

ui(})
w — W)

(8.51)

With the help of (8.51) and (8.47), the generalized susceptibility x(g, w) (8.43) is
expressed as

1 1 / —iq-R; iq-R;
xg, @) =-7 ; . [Z vi()e “ﬂ [iju,-meqﬂf} SN )

Using (8.41), the dynamic structure factor becomes
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S(@ @) =3 8w - wn[Z v;(x)e‘“’“"] [Z uj<x>ei"'Rf] SRR
A

i J

Here u; (1) is the right eigenvector and v; (A) is the staggered left eigenvector defined
by (8.46). These describe the transverse spin derivations under the linearized spin-
wave approximation.

Figure 8.3 shows simulation results for S(g, w) obtained by applying the forced
oscillator method [8.11] to the above expression (8.53). The w dependence of S(g, ®)
for 2D BP antiferromagnets at p = 0.58 (p. = 0.5) is shown in Fig. 8.3a. The
wavevector g in S(g, w) is chosen along the [1, 0] direction from the magnetic
zone center. The ensemble average is taken over six realizations of BP networks
formed on 200x200 square lattices. The largest network has 37449 spins. The
correlation length of this system is £ & 29a (a is a lattice constant) and the crossover
frequency w, is estimated to be w, = 0.12 from the data corresponding to g, =
2n/§ ~ 0.22(a = 1) in Fig. 8.3a. The calculated results for S(g, w) for 3D BP
antiferromagnets at p = 0.32(p. = 0.249) are shown in Fig. 8.3b. S(q, ) is
calculated for four different g along the [100] direction. The ensemble average is
taken over two realizations of BP networks formed on 86 x 86 x 86 cubic lattices
under periodic boundary conditions. The largest network has 501400 spins. The
correlation length of this system is £ & 10a and the crossover energy w. is estimated
to be w. ~ 0.12. Figures 8.3a and b indicate that, for small wavenumbers (g < ¢.), a
sharp asymmetric peak exists at small energies with a tail extending towards higher
energies. This indicates conventional spin waves (magnons). As g increases, peak
widths increase rapidly and peak positions shift to higher energies beyond w ~ w.

(@ (b)
S(q,w) (arb. units) S(q,w) (arb. units)
120
80
\ [10] [100]
200x200 86x86x86
p=0.58 40 p=0.32
0 . \ﬂoi 0.4 ® [\ 0.2 0.4 o
0 \ M
— q=0.13 q=0.35
o S Treeen, 052
S eeees 033 eee 0.70
- P ahatas s WU
p. 039 £ 0.87
q q

Fig. 8.3. (a) Frequency dependence of S(g, @) for 2D percolating antiferromagnets at p =
0.58 formed on 200x200 square lattices. The results are obtained by averaging over six
realizations of percolating antiferromagnets. (b) Frequency dependence of S(g, w) for 3D BP
antiferromagnets at p=0.32 formed on 86 x 86 x 86 cubic lattices. The results are obtained
by averaging over two realizations [8.15]
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This corresponds to the crossover from magnons to antiferromagnetic fractons at
W & wg.

Figure 8.4 shows the validity of the single-length-scale postulate (SLSP) to
S(g, w) for percolating antiferromagnets. In this figure, the scaling function F(gA) =
q? S(g, w) given in (8.35) is plotted as a function of g A (w). The value of the exponent
y is estimated from the g dependence of S(g, w) for gA(w) > 1 [see (8.40)]. Filled
circles represent the averaged value over data within a narrow range of scaling
variables g A(w). The vertical error bars indicate the standard deviation of data in
this range. The universal curve in Fig. 8.4 shows that antiferromagnetic fractons
satisfy the SLSP. The profile of the scaling function F(gA) shown in Fig. 8.4
indicates that S(g, w) behaves asymptotically as

S(g, w) x @ 1OEO1 0501 for gA(w) < 1, (8.54)

and
S(g, w) ox g~ 2801 for gA(w) > 1. (8.55)

These results are consistent with (8.40) predicted by the scaling theory, if we choose
y = 2.8 and zar = 1.65.

The spin-wave dynamics of the 3D diluted Heisenberg antiferromagnet
RbMn,Mg; ,F; has been studied in terms of inelastic neutron scattering (INS)
experiments by Tkeda et al. [8.1,8.2]. In the case x = 0.39, scattering intensities at
several wavenumbers from g = 0to g = 0.375 rlu (zone boundary) have been obser-
ved. This indicates that the peak intensity due to magnons decreases with increasing
wavenumber ¢. The definite magnon peak diminishes beyond g, where g, (= 1/§) is
the crossover wavenumber. Terao and Nakayama [8.16] have performed large-scale
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Fig. 8.4. Scaling function FlgA(w)] = ¢’ S(g, ) as a function of gA(w). Filled circles
and vertical error bars represent averaged values of F[gA(w)] and their standard deviations,
respectively [8.17]
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numerical simulations for the dynamic structure factor of spin-wave excitations in
3D diluted antiferromagnets RbMng 30Mgg ¢1F3. They have demonstrated that the
sharp peak in S(g, w) observed at ¢ < ¢ (= 0.1 rlu) can be attributed to conventio-
nal spin waves and broad humps observed in the region g > g, to antiferromagnetic
fracton excitations.

An important problem remains unsolved: why does dar become unity and what
does this mean? This is quite crucial if we are to understand the physical meaning
of the antiferromagnetic spectral dimension as a dynamical dimensionality. It seems
that one-dimensional dynamics (dar = 1) is clearer than dynamics in non-integer
dynamical dimensions such as those of vibrational fractons.



9. Anderson Transition

The concept of multifractals described in Chap. 4 dramatically improves our unders-
tanding of complex distributions of quantities in physical systems. The importance
of multifractal analysis is ensured by the fact that an entire spectrum of exponents
7(q) or f(a) describes not only the profile of the distribution but also dynamical
properties of the system. This is well demonstrated by the case of the Anderson
transition. The Anderson transition is a disorder-induced metal—insulator transition
in a non-interacting electron gas at zero temperature. The insulating phase is a con-
sequence of the localization of electron wavefunctions, which is called Anderson
localization. Anderson localization is caused by quantum interference of an elec-
tron wave scattered by disordered potentials. At the Anderson transition point, the
squared amplitude of the electron wavefunction distributes in a multifractal manner.
Critical properties of the Anderson transition are deeply related to the multifractality
of critical wavefunctions. It is therefore important to study the multifractal nature
of the Anderson transition. In this and the next chapter, we show that distributions
of a critical wavefunction at the Anderson transition point and the energy spectrum
are multifractal. Some exponents characterizing their multifractality are related to
dynamical properties of electrons. This chapter aims to explain what the Anderson
transition is, and thus serves as an introduction to the next chapter.

9.1 Coherent Transport of Electrons

Since electronic states are described by quantum mechanical wavefunctions, trans-
port properties of electrons are subject to quantum interference. We know, howe-
ver, that the conductivity is well approximated by the classical Drude formula,
o = ne*t/m*, which ignores quantum interference of the electron. Here n is the
electron density, 7 is a scattering time, and m* is the effective mass of electrons.
This is due to the fact that the phase memory of the electron is destroyed while tra-
versing a sample. This is the dephasing effect. Dephasing is mainly due to inelastic
scattering via electron—phonon and electron—electron interactions. This scattering
randomizes electron phases and interference effects are cancelled out. As a conse-
quence, quantum interference effects are negligible when the distance /, (the phase
coherence length) between inelastic scatterings or other phase-randomizing events
is much shorter than the system size L. The coherence length [, generally increases
with decreasing temperature 7. At several 10 mK, /; can be as long as or even
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Interference

—_——r > >

Fig. 9.1. Electron transport through a 1D system with double barriers. Electrons interfere in
the well region between the two barriers

longer than several microns in typical metals. If the system size L is smaller than [
(mesoscopic systems), the effect of quantum interference becomes relevant.

Transport phenomena for coherent electrons are entirely different from classical
(Drude) transport. Let us consider a 1D system with a double potential barrier (see
Fig. 9.1). When treating the electron as a quantum mechanical wave, the system
becomes equivalent to a Fabry—Pérot interferometer. If the electron wavelength is
equal to 2d/n, where d is the inter-barrier distance and » is a positive integer, the
transmission probability becomes maximum (resonant tunneling). The conductance
is thus maximized under this condition. This behavior is caused by quantum interfe-
rence between forward and backward waves in the well region sandwiched between
two barriers. Such quantum interference effects are also found in a Mach—Zender
type electron interferometer. This is known as the Aharonov—Bohm effect [9.1,9.2].
In a 1D Aharonov-Bohm ring (Fig. 9.2), a coherent electron incident from the left-
hand side is separated into two parts at the point A and recombined at the point B. A
magnetic flux through the ring tunes the phase of the electron wavefunction. Since
the phase difference between two parts of the electron is 27®/®g, where @y = hc/e
is a flux quantum, the current governed by quantum interference is a function of the
flux @ threading the ring with a period ®y.

In the above two examples of coherent transport, the elastic mean free path /. is
assumed to be large compared to the system size and electron propagation becomes
ballistic. Although elastic scattering alters the electron phase, the phase shift is
deterministic and the phase memory is maintained. As a result, transport phenomena
peculiar to coherent electrons should be realized even for mesoscopic systems whose
system sizes are much larger than /.. In such cases, transport is called diffusive. It

7/ \

\A &® B/

Fig. 9.2. A system exhibiting the Aharonov—-Bohm effect. Partial waves of the electron
traversing half the ring have different phases at the point B due to a flux @ threading the ring
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is known that coherent electrons in disordered systems could be spatially localized
(Anderson localization). Anderson localization is of fundamental importance for
understanding diffusive transport of coherent electrons in disordered systems.

9.2 Anderson Localization

Disorder-induced electron localization, i.e., Anderson localization, was first predic-
ted by Anderson in 1958 [9.3]. In his pioneering paper, the continuity or discontinuity
of the energy spectrum of electrons in a diagonally disordered system is related to
their localization property. The coherent back-scattering effect proposed in [9.4-9.6]
gives an intuitive interpretation of localization. Consider the return probability Po(#)
of an electron starting from » = 0 at t = 0 and returning to r = 0 at t = ¢. The
probability Py(¢) is given by

Y A

ieS

2

Po(n) = 9.1

El

where A;(?) is the probability amplitude of the electron that propagates along the
i th scattering path starting from » = 0 and returning to this point after a number of
scattering events (see Fig. 9.3).

The summation in (9.1) represents the sum over all possible scattering paths. The
set of all scattering paths S can be separated into two complementary subsets, say
St and S™. One is the set ST in which any two paths are different in shape, while the
other subset (S7) consists of time-reversals of paths in S*. The return probability
becomes

A;

r=0

T/

Fig. 9.3. Schematic illustration of coherent back-scattering in a disordered system. An electron
starting from » = 0 goes back to the origin with the amplitude Ai+ after many random
scatterings. The amplitude A;” of the electron tracing the inverse path (gray path) should also
exist
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2
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=D [AF 0 + 47 0]
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=Y |aro + A7 o) 9.2)
ieSt

+ Y [AF 0+ A7 0] [A;“(t) +470]
i#jest
where Al.+(t) = A;(¢) and A; (¢) is the probability amplitude for the time-reversal of
path i. In the diffusive transport regime, there exist a large number of different scatte-
ring paths whose probability amplitudes have uncorrelated phases. The second term
of (9.2) (the interference term) vanishes due to cancellation between constructive
and destructive interference. We thus have

— a2
P =Y AT O+ AT @) . (9.3)
ieSt
If the system has time-reversal symmetry, the probability amplitudes Ai+(t) and
A; (1) are identical, i.e., A;“(t) = A7 () = A;(9). In this case, the return probability
becomes

Py =4 AW . 9.4)
ieSt
In contrast, the classical return probability is obtained from (9.1) as Py(r) =
Yies A 2 =2 D iest |Ai () |2, by ignoring interference. Therefore, the cohe-
rent (quantum mechanical) return probability is twice the classical probability. This
result leads to a reduction in the diffusion constant due to constructive interference,
which can be thought of as a precursor to localization.

The enhancement of the return probability is a consequence of quantum interfe-
rence and the time-reversal symmetry of the system. The localization effect therefore
strongly depends on symmetries of the system (the Hamiltonian). In the case where
there is no time-reversal symmetry, as achieved by applying a magnetic field, cons-
tructive interference between A;r and A; is suppressed. Denoting the magnetic flux
threading the closed scattering path i by ®;, the probability amplitude A;' () has an
additional phase induced by the magnetic flux @;, viz.,

AF (D) = Ai() exp(mi®; [ ®y) (9.5)

where @ is a flux quantum and A;(¢) is the probability amplitude for the system
without the magnetic field. Since A; (¢) is the probability amplitude of the partial
wave propagating along the path i in the opposite direction to that of Al.+(t), A7
is written as

A7 (1) = A, () exp(—27i®; / Py) . (9.6)
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Therefore the return probability Py(z) given by (9.3) becomes

Po(t) =4 | A1) cos®(2n®; /®o) . 9.7)

ieSt

Comparing the above expression with Py(?) given by (9.4), it is found that the return
probability is suppressed by the magnetic field. Provided that the magnetic field is
very strong, the quantity (®@; /@) —[P; /D] takes a random variable within the range
[0, 1] with respect to i, where [x] is the Gauss notation indicating the largest integer
smaller than or equal to x. In this case, cos?(27®;/®) can be approximated by its
average value (cos?(27®;/®g)); = 1/2, and the return probability becomes equal
to the classical value. The suppression of the return probability by a magnetic field
[9.7,9.8] has been confirmed experimentally through a negative magnetoresistance
[9.9,9.10].

We have not considered the spin degrees of freedom of electrons. All results
obtained above hold for any directions of the spin. This means that the system
has a spin-rotational symmetry. If the spin-rotational symmetry is broken, quan-
tum interference of electrons provides for other transport properties. Spin-rotational
symmetry is violated by spin—orbit interactions. Let us start again from (9.3), where
Afc(t) is described by a two-component spinor taking into account spin degrees of
freedom. In the presence of a spin—orbit interaction, the final electron (¢ = ¢) after
a number of scattering events along the path i may possess spin-up and spin-down
components, even if the initial electron (+ = 0) has no spin blend. The probability
amplitude A;L(t) is then written as

+oy— L AiT(t))

where A;; and A;, represent amplitudes of spin-up and spin-down components,
respectively.

The quantity A;(¢) is the time-reversed probability amplitude of Ai+(t). The
time-reversal operator 7' should reverse the sign of a spin and a momentum. The
orbital momentum can be reversed by complex conjugation (denoted by K) of the
orbital wavefunction. Reversing the spin direction is equivalent to rotating the spin
state by 7 with respect to the polar angle. This operation is effected by e™"Sv/%
where S, is the spin operator in the y direction. The time reversal operator is thus
represented by [9.11]

T=e"™/hKg (9.9)
Using e ™5y/R| 4) = | |) and e7™/"| |} = —| 1), we find, for a general state
By 1) + Byl ),

T(By| 1)+ By {) = Bi| 1) =B} 1) . (9.10)
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The probability amplitude A, () = TA1.+(t) thus becomes

- 1 (A7 ®
- il
A7 () = ﬁ( A% (1) ) . 9.11)
Substituting (9.8) and (9.11) into (9.3), we obtain
P =Y ([ @ +]4,01%) = 3 1408 . 9.12)
iest iest

Hence, Py(t) becomes equal to half of the classical return probability, which implies
that destructive interference excludes diffusing electrons from the starting point. This
produces a (weak) antilocalization of electrons [9.7,9.12]. The antilocalization is a
consequence of destructive quantum interference between partial waves propagating
along a scattering path and its time-reversed path.

Quantum interference of coherent electrons in disordered systems reduces or
enhances diffusion, which gives a precursor of (anti-)localization, i.e., weak (anti-
)localization. The phenomenon whereby the amplitude of an electron wavefunction
is restricted to a finite region of a system is called Anderson localization. Electrons
are expected to be exponentially localized in strongly disordered systems (strong
localization), although no microscopic theory can supply a satisfactory mechanism
of strong localization taking into account the dimensionality and symmetry of the
system. In spite of this lack of a microscopic theory, much work has accumulated on
Anderson localization so far, through theoretical, computational, and experimental
effort. Among these, the one-parameter scaling theory is of particular importance in
understanding Anderson localization and the Anderson transition.

9.3 Scaling Theory of the Anderson Transition

Electrons in strongly disordered systems are expected to be spatially localized, as
discussed in Sect. 9.2. Does electron localization occur no matter how weak the
disorder is? The answer depends on the dimensionality. If electrons at the Fermi
energy switch their states from extended to localized with varying strength of disor-
der, the system changes from a metal to an insulator. The metal—insulator transition
induced by disorder is called the Anderson transition. The scaling theory [9.13,9.14]
gives a significant insight into properties of the Anderson transition and the relation
between the transition and the dimensionality. It is assumed in the scaling theory
that electrons are exponentially localized in sufficiently strongly disordered systems,
without providing a localization mechanism. Since the conductance G is a suitable
quantity for distinguishing localized states from extended ones, we consider the
dimensionless conductance g of a sample to characterize the Anderson transition,
i.e., g = G/(2¢%/h). The conductance g is, in general, a function of the system size
L and other external parameters such as the degree of disorder, the Fermi energy,
the electron density, and the pressure. We denote the set of these external parameters
by x.
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The basic assumption of the scaling theory is that the conductance g(bL, x)
can be expressed by g(L, x) and b alone, where g(L, x) is the conductance of a
sample of size L with external parameters x. This is the expression of the scaling
hypothesis proposed by Abrahams et al. [9.13]. Before explaining the meaning of
this hypothesis, we express it mathematically. A straightforward expression of the
above hypothesis is

gl x) = flg(L,x),b], (9.13)

where f is an appropriate function. An alternative expression of (9.13) will help
us to extract valuable information on the Anderson transition. Differentiating the
logarithm of (9.13) with respect to log(bL), we have

dlogg(bL,x) _ dlog flg(L, x), b]

dlog(bL) dlog(bL)
_ dlog flg(L, x), b] (dlog(bL))‘1
- dlog(b) dlog(b)
_ dlog flg(L, x), b]
= dlog(h) (9.14)

If b is unity, the right-hand side of (9.14) becomes a function of g(L, x). The scaling
hypothesis thus requires the function defined by

_dlogg(L,x)

B(g) = dlog L (9.15)

to be a function of g alone.

The physical meaning of the scaling hypothesis expressed by (9.13) or (9.15) may
not be very clear. The following expression is more transparent with respect to its
physical meaning: there is a unique characteristic length scale & in a system close to
the Anderson transition. This length is obviously considered as a localization length
in the localized regime. In the extended regime, & can be regarded as a correlation
length of the wavefunction amplitudes. The length & is a function of the external
parameters x. The above assumption requires that any quantity characterizing critical
properties can be scaled by the single length £. The conductance g(L, x) of a sample
of size L is then

L
gL, x)=f (E) ) (9.16)
where f is an appropriate function, not the same as f in (9.13), which is called a
scaling function. From (9.16), we have

_ dlogg(L,x) _ dlog f(L/§) _ (L)

p= dlogL  dlog(L/&) ©-17)

£

where u is a function of L/£. Since L/ = f~!(g) from (9.16), the B-function
is a function of g alone. Therefore, we obtain (9.15) once again. The expression
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(9.16) of the scaling hypothesis is more convenient for extending the idea of the
scaling theory to other problems and understanding the (multi-)fractal nature of
the Anderson transition [9.15]. In particular, the theory based on the assumption
(9.16) including the single-length scale & is called the one-parameter scaling theory.
Hereafter, ‘the scaling theory’ shall be taken to mean the one-parameter scaling
theory, unless otherwise stated.

Letus consider the profile of the function 8(g) defined by (9.15). First we evaluate
B(g) in the localized regime, i.e., g — 0. In this case, the electron wavefunction
is exponentially localized as ¢(r) o« e /% at r — o0, where ¢(r) is the envelope
wavefunction and £ is the localization length. Since the conductance g proportional
to |¢(L)¢(0)|? is written as g = goe~2L/%, the B-function behaves asymptotically as

B(g) =logg —loggo - (9.18)

In the metallic phase, that is, the extended regime, the L dependence of the condu-
ctance depends on the dimensionality. Since the dc conductivity o4 of a metal is a
constant for given system size, the conductance calculated from Ohm’s law is

h
g(L, %) = 5504 (L2, (9.19)
262
where d is the Euclidean dimension of the system. Therefore, the S-function becomes
Blgy=d—-2. (9.20)
If we assume that S(g) is monotonic and analytical, the profile of the function 8(g)
can be presented schematically as shown in Fig. 9.4.

Ford < 2, B(g) is always negative. This means that the conductance g approaches
zero regardless of the value of x when L — oo, because (9.15) leads to decreasing

B(g)

logg,

/ a=7 %
d=1

/
/
/

Fig. 9.4. Profiles of the B-functions for 1D, 2D, and 3D disordered systems. The g-function
only cuts across the 8 = 0 line for 3D systems, implying that there exists a metal—insulator
transition in 3D systems
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g with increasing L. Therefore, we can conclude that electron wavefunctions are
always localized in 1D and 2D systems, unless the system is a perfect conductor.
In a 3D system, B can take either negative or positive values, ie., 8 < 0 for
g < gcand B > O for g > g.. If the conductance g(L, x) is smaller than g, g(L, x)
decreases with increasing L and becomes zero in the thermodynamic limit (L — oo).
Conversely, if g(L, x) > g., the conductance diverges in the thermodynamic limit. At
g(L, x) = g., the conductance does not depend on the system size. These facts imply
that there exists a metal—insulator transition in 3D systems. Whether g(L, x) is larger
or smaller than the critical conductance g. depends on x, not on L. If we choose x as
a degree of disorder W, the system with W > W, is an insulator, while it is a metal
for W < W,, where the critical disorder W, is given by g(L, W.) = g(W,) = g..
Hereafter we choose the external parameters x so that the sample with x > x. or
X < X, I8 an insulator or a metal, respectively.

Itis obvious that the localization length diverges at the Anderson transition point.
Since the localization length £ is a function of external parameters x, the function
&§(x) should diverge at x = x.. Let us assume that £(x) near x. obeys a power
law [9.16]:

§(x) o lx — x| ™" 9:21)

’

where v is a positive exponent. The absolute value of x — x in (9.21) comes from
the assumption that the conductance g(L, x) for finite L is analytic at x = x.!

The localization length exponent v is related to the profile of the B-function near
the critical conductance g.. From the scaling hypothesis (9.16) and the expression
(9.21) for the correlation length, the conductance g(L, x) can be written as

g(L,x) = fAIlLY"(x — xo)], (9.22)

where f1(z) is a scaling function. If x is close to x., g(L, x) given by (9.22) can be
expanded up to first order in (x — x.) as

g(L,x) =ge + fiOLY(x — xc) (9.23)

where f](z) is the first derivative of f(z). Inserting (9.23) into the definition of the
B-function (9.15), we have

fl/(O)Ll/”(x——xC) ~ L / vy,
vlge + FLOL7(x —x0)] — vge AOLY(x —x.) . (9.24)

On the other hand, since § is a function of g, expanding 8(g) around g., we obtain

B(9) = B'(9:)(9 — gc) (9.25)

! Letus assume§ = &) (x—xc) "tand & = & (x.—x) "2 forx > xc and x < x, respectively.
We expand the conductance g(L, x) around x = x, i.e., g(L, x) = Z;’,OZO an(L)(x — xc)".
If g(L, x) is metallic, from (9.16), both the expansions of fi[L(x — x.)"!/&] around
x =xc+0and fo[L(xc — x)"2/&] around x = x. — 0 should be considered. This gives
VI = ).

lB:
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where B'(g) is the first derivative of S(g) with respect to g. Here we have used
B(g.) = 0. Substituting (9.23) into (9.25), the B-function near g = g. (equivalently
X = x.) is given by

B=B(g)fIOL"(x—xc) . (9.26)
Comparing (9.24) with (9.26), we find the relation
1 1

(9.27)

" Bl B(ge)

where B'(g) is the first derivative of 8 with respect to log g.

The divergence of the correlation length affects the behavior of several physical
quantities other than the conductance. Since the dc conductivity ogc is directly
observed in experiments, it is worth clarifying the behavior of oy. near x = x.. The
conductivity of an infinite system is zero in the localized (insulating) regime and
finite in the extended (metallic) regime. We thus examine the x-dependence of the
conductivity in the metallic regime. In this regime, using (9.19), o4 can be expressed
as

262 _
o4 = —L*g(L,x) .

h
The one-parameter scaling hypothesis (9.16) provides the expression
2¢? L
=——L"f(Z]). 9.28
Odc h f ( g ) ( )

Taking into account the fact that the conductivity does not depend on the system size
in the metallic regime, the scaling function f(z) should be proportional to z~2. The
conductivity therefore behaves as

0de & E274 o (e — x)"47D (9.29)

in the vicinity of x.. Defining the exponent s by a4c o (x. — x)*, we find the relation

s=ud-2). (9.30)

This relation is known as the Wegner scaling law [9.14].

Finally, we should emphasize that the scaling theory assumes that the S-function
is monotonic. This assumption is not obvious. In fact, it is believed that the S-function
of a system with strong spin—orbit interactions is not monotonic. For systems in
which this assumption fails, some of the above results from the scaling theory are
suspicious. In order to reveal critical properties of such systems, it is important to
determine the precise profile of the -function. Although the asymptotic behavior of
the B-function can be evaluated analytically by perturbative treatment in the weak
localization regime, the results lack quantitative reliability. Numerical investigations
are the most powerful and reliable way to obtain quantitative information about the
Anderson transition and check the validity of the scaling hypothesis.
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9.4 Universality Classes

The one-parameter scaling theory of the Anderson transition is based on the hypo-
thesis that properties of an electron system near the transition point are uniquely
characterized by the correlation length. This means that specific lengths between
scatterers are irrelevant to the behavior of physical quantities very close to the criti-
cal point. In other words, critical properties of the Anderson transition do not depend
on specific realizations of the impurity distribution or the type of Bravais lattice of
the host material. This prominent feature of the Anderson transition is called uni-
versality, after the terminology for thermal critical phenomena. We should note that
critical exponents such as v and s are universal quantities because they characte-
rize their renormalization properties, while critical external parameters x. (such as
the critical energy E. and the critical disorder W.) depend on details of systems.
However, it is supposed that universal quantities vary when a global symmetry of
the system is changed, because the mechanism of Anderson localization depends
on such symmetries (time-reversal or spin-rotational symmetry), as explained in
Sect. 9.2.

A set of systems with the same universal quantities is called a universality class.
Although the scaling theory cannot distinguish universality classes because it does
not take into account global symmetries of systems, it is believed, as described below,
that there exist at least three universality classes in the Anderson transition. These
universality classes correspond to the three different types of quantum interference
noted in Sect. 9.2. Here we demonstrate that the Anderson transition is classified
into three classes with qualitatively different properties.

Whether a quantum state is localized or extended is related to the energy spectrum
of electrons. This is because mixing of quantum states affects the eigenenergies of
electrons. Properties of the energy spectra are characterized by quantities such as
the density of states or the rigidity of the spectrum. Here, we pay attention to energy
spacings between adjacent levels. First, the level spacing of localized electrons is
considered. We assume that the localization is so strong that mixing of wavefunctions
localized at adjacent atoms can be ignored. In such a case, the matrix elements of
the Hamiltonian in the Wannier basis are represented as H;; = ¢;8;;, where i and
J denote atomic positions corresponding to the Wannier functions and ¢; is the
energy of the electron localized at the i th atom. We also assume that the ¢;s are
uniformly distributed in a finite range. Since the eigenenergies of this Hamiltonian
are the {¢;} themselves, the distribution function of the level spacing A is the Poisson
distribution:

P(s)y=¢e™", (9.31)
where s = A/ A is the level spacing normalized by the mean level spacing A. The

derivation of (9.31) is based on two assumptions:

e there is no overlap between electron wavefunctions localized at adjacent atoms,
o the distribution of {¢;} is uniform.
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Actually, (9.31) does not require the first assumption for an infinite system. We
cannot ignore overlaps between weakly localized wavefunctions close to each other,
which cause energy levels to be correlated. However, the probability that two states
belonging to adjacent levels overlap is infinitesimal in the infinite system. Therefore,
the level spacing distribution function is not affected by the strength of localization,
and P(s) should be given by (9.31), even for electron states with very long localization
lengths. In the vicinity of the critical point, the second assumption also becomes
irrelevant to (9.31). This is because universality guarantees that properties near
the Anderson transition are not affected by details of the potential distribution.
Therefore, we can conclude that the level-spacing distribution function of localized
states is always the Poisson distribution, independently of both the on-site potential
distribution and the global symmetries of the system.

If mixing between two states becomes crucial, adjacent energy levels cannot
approach each other indefinitely. This is easily understood from the fact that a two-
fold degenerate energy level is split by mixing of the two corresponding states. Since
such mixing always occurs for extended states, the probability of proximal energy
levels is small in the metallic phase. The nature of this level repulsion is deeply
related to the symmetry of the Hamiltonian. The Hamiltonian matrix in the Wannier
basis has nonzero off-diagonal matrix elements in this case. We can evaluate P(s) in
the metallic regime by assuming that the matrix elements Hj; (i < j) are statistically
independent. Spectral properties of random (but Hermitian) matrices have been
studied in detail by the random matrix theory [9.17-9.19]. This theory predicts that
the level-spacing distribution P(s) takes three functional forms according to three
types of symmetry of the system. These are the cases in which:?

1. the system has time-reversal symmetry and spin-rotational symmetry,
2. the system does not have time-reversal symmetry,
3. the system has time-reversal symmetry but not spin-rotational symmetry.

Hamiltonian matrices for systems satisfying conditions (1), (2), and (3) are real
symmetric, (complex) Hermitian, and self-dual®> Hermitian matrices, respectively.
Since sets of random matrices with these three symmetries are invariant under real
orthogonal, unitary, and symplectic transformations, respectively, these ensembles of
random matrices are called the Gaussian orthogonal ensemble (GOE), the Gaussian
unitary ensemble (GUE), and the Gaussian symplectic ensemble (GSE), respectively.
The approximate distribution functions P(s) given by the random matrix theory are

P(s) = gse-mz/“ . forthe GOE (9.32)

2 In addition to these classes of disordered systems, there exist three classes for chiral
symmetric systems and four classes for superconducting systems [9.19]. Among these ten
classes, only the three classes discussed in this section are relevant to the conventional
Anderson transition.

3 A matrix H is self-dual if H = T~'HT, where T is the anti-unitary time-reversal operator
defined by (9.9).
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32
P(s) = 55?7 | for the GUE, (9.33)
T
and
8 \° 64
P(s) = (ﬁ) s*exp (—gﬁ) ,  forthe GSE, (9.34)

which are derived in Appendix D. These distribution functions are called the Wigner
distributions. For s <« 1, these functions are proportional to s, s2, and s* for the
GOE, the GUE, and the GSE, respectively. This implies that systems belonging to
the GSE exhibit the strongest level-repulsion amongst the three classes. Profiles of
the Wigner distribution functions are shown in Fig. 9.5 together with the Poisson
distribution.

The Poisson distribution for the localized phase and the three kinds of Wigner
distribution function for the extended phase have been confirmed numerically. Fi-
gure 9.6 shows an example of the level-spacing distribution functions calculated
numerically for a 3D disordered electron system in a magnetic field.* When the di-
sorder is very strong, electronic states are localized and the level-spacing distribution
function P(s) is close to the Poisson distribution (9.31). On the contrary, for a weak
disorder, P(s) is well described by the Wigner distribution for the GUE [(9.33)].

1.5 T T T T T
GSE
1.0 b
— GUE
@2
& GOE
0.5F b
Poisson

0. 1 1 1
%.0 0.5 1.0 15 20 25 3.0
S

Fig. 9.5. Level-spacing distribution function P(s). The quantity s denotes the rescaled level

spacing (s = A/ A). If wavefunctions are localized, P(s) should follow the Poisson distribu-
tion. For extended states, P(s) obeys the Wigner distribution function (GOE, GUE, or GSE
depending on the symmetry of the Hamiltonian)

4 The system is described by a tight-binding Hamiltonian which will be discussed in Sect. 9.5.
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Fig. 9.6. Numerically calculated level-spacing distribution for a 3D electron system in a
magnetic field (GUE). The system is described by a tight-binding Hamiltonian with size M>
and strength of disorder W. The applied magnetic field is chosen so that the magnetic flux
threading a plaquette is 0.05®¢, where @y is the flux quantum. The critical disorder W, of this
model is 16.5 in units of the hopping energy. The system is in the metallic (insulating) phase
for W = 3 (W = 80). Histograms display numerical results, and continuous lines reflect
the two expected limiting ensembles, viz., the GUE in the metallic regime and the Poisson
ensemble in the insulating regime. Data points o and * represent P(s) near the critical disorder
for M = 21 and M = 13, respectively. The symbol < denotes the numerical result for the
system at criticality in the absence of a magnetic field [9.21]

From the above arguments, there exist at least three types of extended phase
whose level statistics are qualitatively different from each other. Localized states
are also classified into three distinct families depending on their tendency towards
localization, as discussed in Sect. 9.2, although P(s) does not depend on ensembles.
From these facts we expect there to be three universality classes in the Anderson
transition depending on the symmetries of the system. This is now supported by a
large number of numerical studies and field-theoretical arguments [9.20].

The scaling theory predicts that all states of 1D or 2D disordered electron systems
are localized and that the Anderson transition (localization—delocalization transition)
is manifested in 3D systems. Taking into account the symmetries of systems, it has
been shown numerically and analytically that these results of the scaling theory
should be modified as follows. In 1D systems, all electronic states are localized
independently of the symmetries of systems. All states are also localized in 2D
systems described by Hamiltonians belonging to the GOE and the GUE,? while
2D systems with the symmetry of the GSE exhibit the Anderson transition. For
3D systems, the Anderson transition appears for any symmetry. These results are
summarized in Table 9.1.

5 The fact that quantum states in 2D systems belonging to the GUE are all localized does

not means that all states in a disordered system subject to a uniform magnetic field are
localized. This point will be discussed in Sect. 9.5.
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Table 9.1. The relation between the Anderson transition and dimensionality. The symbol L
means that all states are localized, whilst E signifies the existence of the Anderson transition

GOE GUE GSE

1D L L L
2D L L E
3D E E E

9.5 Numerical Studies

Despite the long history of the Anderson transition, which began as early as 1958,
relatively little quantitative information has been obtained analytically. On the con-
trary, numerical investigations have played a crucial role in clarifying the nature of
the Anderson transition. With the advent of modern computers, it has become pos-
sible to provide not only quantitative information but also qualitatively new insights
into the transition. In this section, we will introduce an efficient numerical technique
for obtaining definite information about critical properties.

We have not yet provided concrete examples of Hamiltonians, because many
properties near the Anderson transition point do not depend on details of the Ha-
miltonian, due to universality. In numerical studies, however, a specific form of the
Hamiltonian must be adopted. The universality of the Anderson transition suggests
that even an analysis of the simplest model can reveal the general properties near the
critical point. The most popular and well studied model with such simplicity is the
tight-binding Hamiltonian,

H= Zeimm - Zti,»|i><j| : (9.35)
i iLj

where |i) is a basis representing a state localized at the i th site. The site energy
€; corresponds to a random potential energy and ¢;; represents the hopping energy.
If the system has time-reversal symmetry and spin-rotational symmetry, that is, the
Hamiltonian belongs to the Gaussian orthogonal ensemble (GOE), parameters ¢;
and #; leading to the simplest Hamiltonian are realized by random quantities ¢;
distributed uniformly in an interval between —W/2 and W/2, and 1; is given by

t, ifi is the nearest neighbor of j ,
L = (9.36)
0, otherwise,

respectively. The parameters W and ¢ express the strengths of disorder and transfer.
The Hamiltonian with these parameters is called the Anderson Hamiltonian [9.3].
If the time-reversal symmetry is broken, that is, the Hamiltonian belongs to the
Gaussian unitary ensemble (GUE), the hopping matrix elements #; must be complex.
Such a system can be realized by applying a magnetic field. In this case, the diagonal
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elements ¢; are chosen in the same way as those for the GOE, and the hopping matrix
elements are described by the Peierls phase [like (9.5) or (9.6)] as

2
texp (i—na,-j) , if i is the nearest neighbor of j ,
ty = o (9.37)

0, otherwise ,

where @o(= hc/e) is the unit of flux quanta and a;; is the line integral of a vector
potential A(r) along the link (ij). If a uniform magnetic field B in the z-direction is
applied to a 2D square lattice or a 3D simple-cubic lattice, the quantity a;; is given
by

Ba’x;,  if the link (ij) is parallel to the y-direction ,
aj = —Ba?x; , if the link (ij) is antiparallel to the y-direction , (9.38)
0, otherwise ,

where a is the lattice constant and x; is the x coordinate of the i th site rescaled by
a. Here we have chosen the Landau gauge A = (0, Bx, 0).

Systems belonging to the Gaussian symplectic ensemble (GSE) have time-
reversal symmetry but not spin-rotational symmetry. The GSE systems are physically
realized by introducing spin—orbit interactions. Several tight-binding models have
been proposed for electrons in a system with spin—orbit interactions [9.22-9.24].
Since the spin degrees of freedom must be taken into account in this case, the basis
|#) in the tight-binding Hamiltonian (9.35) should be replaced by |i, o), where the
index o =1 or |, denotes spin up or spin down. The tight-binding Hamiltonian is
then written as

H=Y eli,o)i,a]l = Y ti,0:j,0)i,0)(j.0l, (9.39)
i,o

i,o;j.0’

where #(i, 0; j, 0’) represents hopping from the i th site with spin o to the j th site
with spin ¢’. The hopping matrix elements #; are 2 x 2 matrices describing spin
rotation due to the spin—orbit interaction on every link (ij). Among several tight-
binding models proposed so far (i.e., ways to choose the parameters ¢€; and ¢;),
the Ando model [9.22] has been the most extensively studied. In this model, the
substrate lattice is assumed to have a square (2D) or a cubic (3D) symmetry. The
on-site potentials ¢; are uniformly distributed in the range [—W/2, W/2] as in the
cases of the GOE and the GUE. The off-diagonal elements #; are chosen as

texp (—ifoy) , ifi is the nearest neighbor of j ,
ti = (9.40)
j
0, otherwise ,

where oy, 0y, and o, are the Pauli matrices, k = x, y, and z denotes the direction of
the link (ij). The quantity 6 represents the strength of the spin—orbit interaction. For



9.5 Numerical Studies 131

6 = 0, the orthogonal symmetry is recovered, as expected. The explicit 2 x 2 matrix
forms of #; are

cosf —isinf
fii =1 (—i sin@ cosé ) ’ (©.41a)
cos@ —sind
liiy =1 (sin@ cos 6 ) ’ (9.41b)
T
ty, =t <e0 e?e) , 9.41c)

where iy, iy, and i, denote the nearest neighbors of the i th site in the x, y, and z
directions, respectively.

Most of the numerical studies reported so far have studied critical properties of the
Anderson transition in systems described by the above tight-binding Hamiltonians.
The size of a system treated numerically is, of course, finite, while the correlation
length & diverges at the transition point. This means that numerical results are
always influenced by finite-size effects. We have to introduce some devices into
numerical calculations to eliminate these effects. The finite-size scaling analysis is
one of the most powerful techniques for extracting quantitative information about
critical properties of infinite systems from numerical results for finite-size systems
[9.25,9.26].

In the finite-size scaling analysis, we deal with a quasi-1D system of width M
and length L (L 3> M), which is described by the Hamiltonian (9.35) or (9.39).
Since it is rigorously proven that all quantum states are exponentially localized in
1D disordered systems, electronic states can also be considered to be localized in the
quasi-1D system when L is long enough. The localization length A s of the quasi-1D
electron wavefunction can be calculated numerically.® Although the length A is
generally a function of the width M and the external parameters x (the eigenenergy
E, the strength of disorder W, the hopping energy ¢, the magnetic field B, and/or
the strength of the spin—orbit interaction 6 for tight-binding models), the scaling
hypothesis explained in Sect. 9.3 requires A to be written as’

Ay M
Auw="0=f (?) , (9.42)

where £ is the correlation length of the state in the infinite system with the same

parameters x as those of the system giving A». The x dependence of § is given
by (9.21). Since the argument M/£ of the scaling function becomes small near the

6 The localization length A 37 can be obtained from the Green’s function computed recursively
or the Lyapunov exponent of the transfer matrix. The value of Ay calculated by such
numerical procedures represents the decay length of the typical wavefunction in the quasi-
1D system.

7 The general scaling form of Ay is given by Ay = M® f(M/£), where « is an exponent. At
criticality, Ay should be proportional to M and the scaling function becomes a constant
f(0). This gives o = 1.
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transition point x = x, the scaling function can be expanded around x = x.. This
yields

Ay = Ac+a1(x — x)OMYY + az(x — x)°M*° + ..., (9.43)

where the critical scaling amplitude A, is Ay at x = x,. Fitting the numerical data
of Ay for various values of x and M to (9.43), we can obtain A., x., and v (and also
ay, ap, . ..). We should note that the coefficients ay, ay, ... for x > x. are different
from those for x < x. because £ is a function of the absolute value of x — x.. If the
scaling hypothesis is valid, Ay, as a function of M|x — x.|' with the obtained x.
and v falls into a single curve, as expressed by (9.42). The curve has two branches
corresponding to x > x. (localized regime) and x < x. (extended regime). The
branch for x > x. decreases monotonically with M/£, while the branch for x < x
increases, as illustrated in Fig. 9.7.

The idea of finite-size scaling is also applicable to quantities depending on M
and x other than A . For example, the quantity defined by

1
I'y = / Py (s)ds (9.44)
0

can also be scaled by &, where Py (s) is the level-spacing distribution function for a
cubic (or square) system of size M. The integral interval does not need to be chosen
as above. Since the distribution Py (s) is independent of M at the critical point, 'y
scales

I'y=g (%) , (9.45)

where g is a scaling function. One can obtain x. and v by fitting the numerical
data I'y to the expansion of the scaling function. The curve of the scaling function
also has two branches, like Fig. 9.7, but the branches converge to fixed values as
M/& — oo. These convergence values are 0.63212 for the localized branch and
0.54406 (GOE), 0.53305 (GUE), or 0.52373 (GSE) for the extended branch. The

Ay

Fig. 9.7. Schematic profile of the scaling ampli-
tude Ay as a function of M/&. The upper and
lower curves represent the extended and localized
branches of the scaling function, respectively. In
the limit M/& — 0, Aps converges to the critical
log(M /§) value A.
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fact that these values are close to each other implies that finite-size scaling analysis
for Iy, defined by (9.44) makes it difficult to obtain precise values for x. and v. We
should choose an appropriate scaling variable with distinct branches of the scaling
function for efficient numerical analysis [9.27].

As shown in Table 9.1, the Anderson transition appears in 2D disordered systems
belonging to the GSE and in 3D systems. Extensive numerical studies have clarified
the nature of these transitions quantitatively. Results are listed in Table 9.2. In this
table, the quantity W, is defined by the disorder strength above which all states are
localized. Values of W, are not universal and depend on a choice of parameters
in the Hamiltonian. Although the localization length exponent v and the critical
scaling amplitude A, should be universal, values of these quantities calculated
numerically actually depend to some extent on details of the model. This is because
the hypothesis of one-parameter scaling is slightly violated in actual numerical
calculations. The scaling hypothesis insists that a system should be characterized
only by £ if the system is very close to the transition point and the system size is large
enough. It is difficult in current numerical calculations to satisfy the latter condition
adequately. As a consequence, results give apparent non-universal behavior of v
and A.. To avoid this, a technique of scaling correction has been developed, which
introduces another length scale into the scaling analysis (two-parameter scaling)
[9.28]. Accurate studies of the universality of the Anderson transition based on the
scaling correction procedure are now in progress [9.29].

The abbreviation QHS (quantum Hall systems) in Table 9.2 represents 2D di-
sordered electron systems subject to uniform magnetic fields, which exhibit the
quantum Hall effect. Since the time-reversal symmetry is violated in such systems,
the QHS seems to belong to the GUE and to show no Anderson transition. However,
it has been found by a field theoretical argument that the symmetry of the QHS
is not the same as the GUE symmetry due to nonzero Hall conductivity. The field

Table 9.2. Numerically obtained values of the localization length exponent v, the scaling
amplitude A, and the critical disorder W, (in units of the hopping energy #). Values in this
table have been calculated for the following tight-binding systems. For the 2D GSE case, the
strength of the spin—orbit interaction is chosen as & = m/3. The strength of the magnetic
field for the 3D GUE is chosen so that the magnetic flux threading a lattice cell is @o/3. The
value of 6 for the 3D GSE is 7/6. For each case, on-site potential energies ¢; are uniformly
distributed in the range [—W/2, W/2]. QHS stands for the quantum Hall system described in
the text

Symmetry v A We

2D QHS 235 119 —
GSE 241 198 586
GOE 1.57 0.58 16.54

3D GUE 143 057 18.31

GSE 1.3 056 19.0
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theory and many numerical calculations have shown that all states are localized
except for states at the centers of the Landau subbands, regardless of the disorder
strength W(= 0). This means that every subband center is at the critical energy and
no extended regime exists in the system. The values of v and A. presented in Table
9.2 are results for the lowest Landau band. Values of v for the second lowest Landau
band reported so far range from 2.3 to 6.2 depending on the correlation length of
disorder, which implies non-universality of the transition in higher Landau bands.
However, this non-universality is now believed to be an artefact due to the violation
of the one-parameter scaling hypothesis in actual numerical calculations. In fact, the
scaling correction recovers the universal behavior of the delocalization transition in
higher Landau bands of the QHS. We will discuss the universality of higher Landau
bands in more detail in Sect. 10.5.

9.6 Dynamical Properties at the Anderson Transition

In conventional critical phenomena in thermal equilibrium systems, dynamical quan-
tities behave critically with universal exponents at the critical point, just as sta-
tic quantities do near the critical point. The Anderson transition is regarded as a
quantum-critical phenomenon driven by quantum fluctuations rather than thermal
ones. In this section, we describe the critical behavior of dynamical quantities in
disordered electron systems.

9.6.1 Scaling Form of Dynamic Quantities at Criticality

The scaling hypothesis claims that a single length scale & characterizes the system
close to the Anderson transition point. However, dynamical phenomena require
additional length scales. One is the diffusion length L g of a wave packet during the
time interval 1/w. This length scale is represented by

| D
Ldiff X —, (9.46)
[0

where D is a diffusion constant. The other length scale is L4 defined so that the
energy hw coincides with the mean level spacing A of a system of size L 4. Since A
is proportional to 1/pL%, where p is the density of states,? the length L  is given by
1
X ——— .
(pha) !/
Since the dc conductivity oy of a system of size Ly at the transition point is
expressed in terms of the dimensionless critical conductance g. as

L, 9.47)

_ e a4
Odec = EgCLdiff > (9.48)

8 In this and the next chapter, we use the symbol p for the density of states, while the symbol
D has been used in previous chapters, to distinguish the DOS from the diffusion constant.
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equation (9.46) with D = o4 /€*p (the Einstein relation) is rewritten as
q

g 1/d
Ldiffo<<pT°w) ) (9.49)

We see from (9.47) and (9.49) that the length L4 is proportional to L 4 at the tran-
sition point. This implies that dynamics with frequency o introduces a single length
scale, say, L,. If L,, is a unique characteristic length introduced by the dynamics
even near the transition point, the dynamics can be scaled by two lengths, £ and
L. Thus, an arbitrary dynamical quantity K (g, ) characterized by a wavenumber
g and a frequency w should be scaled as

K(q, ®) = £°h(g&, qLo) , (9.50)

where ¢ is an exponent and k(z), z7) is a two-variable scaling function.

From the general scaling form (9.50), we can extract crucial information about
critical slowing down. We know in general that the internal dynamics of a system
should slow down when approaching the critical point. A correlation time 7 characte-
rizing the dynamics of the system diverges as the correlation length & diverges. This
is described by a power law, T o &%, where z is called a dynamical exponent. The
value of the dynamical exponent z for the Anderson transition can be drawn from
(9.50). Equation (9.50) implies that any dynamical quantity of a disordered electron
system not at, but near the critical point is governed by a characteristic frequency @,
given by L, = §. From (9.47) or (9.49), the frequency w.(= 2m/7) is proportional
to £7¢, which gives z = d. The dynamical exponent z (vz to be precise) can be
directly determined by experiment. In fact, the value of z for a 2D disordered system
in the integer quantum Hall regime was obtained from the frequency dependence of
the peak width of the dissipative ac conductivity o, (w) as a function of an applied
magnetic field. Experiment suggests z = 1, contrary to the above simple prediction
z = d = 2 [9.30]. The reason for this discrepancy has not yet been completely
elucidated, although some explanations have been reported so far.

9.6.2 Diffusion of Wave Packets

One of the most fundamental form of dynamics is diffusion (see Appendix C) of a
wave packet described by a probability density P(r, 1) = (|¢(r, )|*)p, where ¢(r, 1)
is the wavefunction of the wave packet starting at 7 = 0 and (- -- )p represents
the disorder average. If the system is in a metallic phase and L, (x /1) > &, the
probability density P(r, f) is governed by a conventional diffusion equation,

dP(r, 1)
ot

where D is a diffusion constant. From this equation, the Fourier transform of P(r, )
is given by

— DV2P(r, 1) = 8()8(r) , 9.51)

1

— 5 9.52
—iw + Dg? ©-32)

P(g, w) =
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while its inverse Fourier transform with respect to w is
1 . Dq?
Pg,H=— | e —T"——dw. 9.53
@ n/ o+ (Dg?)? ©->3)

If L, < & or the system is in an insulating phase, these expressions no longer hold.
It is, however, possible to express P(g, w) [or P(q, £)] in a similar form to (9.52) [or
(9.53)] by introducing a diffusion function D(q, ) such that

1

Pgo)=—" 9.54
(g, ) Siwt D@ ) (9.54)
and
1 . D(q, w)q?
P(g, 1) = — ot dow . 9.55
@ n/ ¢ P+ D@ e ©:33)

Note that the diffusion function D(g, ) should become the diffusion constant D
for L, > & and g¢ < 1 if the system is metallic. The diffusion function D(q, w)
governs dynamical properties of the system instead of P(r, t) via (9.54) [or (9.55)].
The quantity D(q, w) should be scaled as (9.50), that is,

D(q, w) = §°h(g&, qL,,) . (9.56)

This equation is valid for an infinite system. For a finite system at criticality, D(g, w)
can also be expressed by (9.56) with the system size L instead of &, i.e.,

D(q, w) = Lh(qL, qL,,) . 9.57)

Since L,, = L for w = 0, this equation gives D(0, 0) oc L%. At the critical point, the
dc conductivity o4.(ox D(0, 0)) is proportional to L2~¢ because g = hog/(e2L>~%)
does not depend on L at criticality. Therefore, { = 2 — d and (9.56) becomes

D(q, ) = £*%h(g&,qL,,) . (9.58)

In particular, at the critical point, L, alone characterizes the dynamics, and this
implies that D(g, w) scales as

D(q, w) = ¢* 2 f(gL.) , (9.59)

where f(qL,) = limg oo (q€)* “h(gE, qL.,).

We investigate the critical behavior of several dynamical quantities at the An-
derson transition point, based on the scaling form (9.59). To this end, the asymptotic
behavior of D(q, @) should be considered first. In the long-wavelength and/or high-
frequency limit, i.e., gL,, — 0, the diffusion function should be independent of g.
This implies f(z) o« z2~%. Therefore, D(q, ®) becomes asymptotically

D(q, w) x 9214 for gL, < 1, (9.60)
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where we have used the relation

1

Combined with the Einstein relaEion o o« ne*D, (9.60) gives the ac conductivity
o(w) at high frequencies (fiw > A) as

o(w) x @42/ (9.62)

as predicted by Wegner [9.14]. The validity of this relation has been demonstrated
in terms of large-scale numerical simulations for 3D orthogonal [9.31], unitary, and
symplectic systems [9.32], in which the exponent in (9.62) is determined by the
finite-time scaling analysis for the forced oscillator method [9.33]. In the opposite
limit gL, > 1, D(q, ) also follows a power law behavior. This requires the scaling
function to take the form

f)ocz7", (9.63)
where 7 is a new exponent. This scaling function yields the diffusion function
D(g, w) x g% 2" for gL, > 1. (9.64)

The relations (9.62) and (9.64) have been verified numerically for the quantum Hall
transition by computing the dissipative conductivity o, (L, ®) [9.34]. The value of
n obtained from this is 0.36 & 0.06. We will see later that the critical behavior of
most dynamical quantities is characterized by the exponent .

Next we consider the probability density P(r, £). Using (9.64), for gL, > 1, the
Fourier transform of P(r, f) given by (9.55) yields

caldgd—n

1 .
P(g, 1) = —~ /e_‘“” do , (9.65)

@2 + c2wnldgad=m

where ¢ is a constant.” The ratio of the two terms in the denominator of the above
integrand, u = w?"?q*“4=" Jw?, is proportional to (gL,)*¢ ™", because L, o
™4, Since d — n is always positive, as we shall see later, the ratio u is much larger
than unity for gL, 3> 1. This implies that the first term in the denominator of (9.65)
can be neglected. This yields

P(g, 1) / e W dg1 4g | (9.66)

Introducing a new variable s defined by

— d = —_—
s=(qL,)" = oh (9.67)

? It should be remarked that (9.65) is valid only if the integral for gL, < 1 gives a negligible
contribution. As shown below, this condition is satisfied for g%t/Fp > 1.
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we can rewrite (9.66) as

q’t
P(q, t) x /exp (_ih—> s742gs . (9.68)

08

The factor exp(—ig?t/hps) is a rapidly oscillating function of s when s < g%t/Fhp.
Thus, the integral of (9.68) over the range from 0 to g“t/hp vanishes. Since the factor
s"4=2 in the integrand is justified only for gL, > 1, i.e., s > 1, the expression
(9.68) is valid for g9t/Fip > 1. In this case, we have

q‘t

P(q, 1) o g" 44T for —
hp

>1. (9.69)

The real-space probability density P(r,?) is calculated from the inverse Fourier
transform of P(q, 1):

P(r,t) =

—ig-r d
T / e™9T P(g, 1) dq . (9.70)

Using the asymptotic form of (9.69) and the isotropy of the system, (9.70) becomes
P(r, 1) oc 1 1=d/d / e eosfyn=lqydg | 9.71)

where y = gr and 0 is the angle between the vectors g and r. Since (9.69) is only
valid for ¢%t/hp > 1, corresponding to y > (hpr?/1)!/4, the expression (9.71) is
appropriate for ¢/hpr¢ > 1. In such cases, the real-space probability density P(r, 7)
has the asymptotic form

P(r, ) o r~1n=d/d for >1. (9.72)

t
hord
From (9.72), we can determine the ¢-dependence of the temporal autocorrelation
function C(¢) defined by

c@ = %/ P(r=1,1)dr, (9.73)
0

where P(r = 1, 1) is the return probability. From (9.72), the long-time behavior of
C() is given by

C@) o 1=/ (9.74)

The temporal autocorrelation function is also characterized by the exponent . The
relation (9.74) is convenient for numerical computation of n, because the calculation
of C(¢) is relatively simple and contains fewer statistical fluctuations. Values of n for
several systems calculated in this way are listed in Table 9.3. The behavior of the
temporal autocorrelation function for a 3D system is shown in Fig. 9.8.
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Table 9.3. Values of the exponent 7 calculated numerically from the temporal autocorrelation
function

Symmetry 7
2D QHS 0.38 +0.04
GSE 0.32 £0.06
GOE 1.5+£0.2
3D GUE 1.3£0.2
GSE 1.44+02

Using the asymptotic behavior (9.60) of the diffusion function for gL, < 1, it
seems that we have a similar expression to (9.68) for P(q, t),!°

g
P(g, ) x / exp (—ig—m>s(2_‘”/‘i ds (9.75)

for q%t/hp <« 1. This is incorrect, however, because the factor s?~9/¢ in (9.75)
is only valid for s < 1. We again concentrate on the integral over the range from
s &~ g%t/hp to infinity because of the rapidly oscillating factor exp(—ig?t/hps).
When s becomes larger than unity, the expression for P(q, f) crosses over from

symplectic —>\

0.01 " 1 al " a4 aaal 4 F— sl
1 10 100 1000
tVv

Fig. 9.8. Numerical results for the temporal autocorrelation functions for 3D disordered
electron systems at criticality. Error bars around the data for the orthogonal case indicate the
standard deviation with respect to 10 realizations of random potential configurations. Errors
are almost the same for all universality classes [9.35]

10 For gL, < 1, the first term of the integrand of (9.55) dominates the second term, which
implies

P(q, f) /e_i“”w*lfz/dqd dw .
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(9.75) to (9.68). The lack of information on the crossover behavior of the diffusion
function prevents us from calculating in this manner the asymptotic form of P(q, t)
for g%t/hp < 1 and also the short-time long-distance behavior of P(r, 1) (the shape
of the diffusion front). However, the probability distribution in the tail regions has
recently been estimated by approximately solving the generalized master equation
describing P(r, 1) [9.36]. According to this estimate, the front shape of quantum
diffusion at criticality behaves as

Y
P(r,t) cexp | — - ) (9.76)
w(?)
where the width of diffusion w(f) grows as
w(t) oc t'/4 9.77)

and the exponent y is given by

d
y = -1 (9.78)
Let us outline the derivations of (9.76)—(9.78). Since quantum coherence strongly
influences the diffusive behavior of electrons, e.g., the enhancement of backward
scattering in Anderson localization, the stochastic process of a coherent electron
is not Markovian.!! Hence, the probability distribution P(r, ) does not obey the
conventional master equation, but rather a generalized master equation of the form

8 t
—P(r,0) = / D gt — APy, 1 ) de (9.79)
ot 04

where AP(Ar, r, V') = P(r+Ar,t")— P(r, t') and g(Ar, t —t’) is a memory function.
The memory function g(Ar, t — ') does not depend on r because of the translational
symmetry of the system in a statistical sense. Approximating AP(Ar, r,t’) up to
(Ar2, (9.79) becomes

3P(r D _ /Z (Ar,t — 1) P(r t)(A) dr’ (9.80)

because the linear term of Ar goes to zero due to isotropy of the system. The Laplace
transform of (9.80) is

2P(r,s)

el (9.81)

sP(r,s) = £ % %:g(Ar, N (Ar)?

where I3(r, s) = L[ P(r, 1)] denotes the Laplace transform of P(r, t). The integrable
solution of (9.81) is

11 If a stochastic process does not depend on its history, the process is said to be Markovian.
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P(r,s) = B(s)e™ /¥ | (9.82)

where

12
2s

= ) 9.83

f(s) {Q[ZArg(Ar,t)(Ar)2]} (9.83)

and B(s) is a normalization constant. It is natural to assume that the function f(s)
is proportional to s# with a positive exponent f, because of anomalous diffusion
at criticality. The probability density P(r, f) is obtained from the inverse Laplace
transform of f’(r, s),

1 o+ico
P(r, ) = — / B(s)e’™ ds | (9.84)
2ri g—ioco
where
J(s) = st — fors?, (9.85)

fo is a constant defined by f(s) = fos?, and o is a real constant chosen so that
all singular points of the integrand lie to the right of the vertical line s = o. The
integral in (9.84) can be evaluated using the stationary phase approximation. In this
evaluation, the integral is approximated by a dominant contribution near s = sp,
where

;O\ VE-D
S0 = (forﬁ> , (9.86)
and we have
P(r, 1) oc e | (9.87)
where
. VA=A
J(so) = — [m] ) (9.88)
and
B
wit) = ———— (9.89)

fopP(L=p'~F -

Here the quantity w(?) is a diffusion length at time ¢. Since (9.49) implies that the
diffusion length!? at criticality is proportional to ¢'/¢, the exponent 8 should be
1/d for the Anderson transition. Equations (9.87)—(9.89) with § = 1/d yield (9.76)
with (9.77). The asymptotic form of the quantum diffusion front (9.76) has been
confirmed for 3D orthogonal systems. As shown in Fig. 9.9, numerically calculated
probability densities are well fitted by curves of (9.76) with y = 3/2.

12 Details of the diffusion length will be discussed later.
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Fig. 9.9. Semi-log plot of the probability density P(r, ) with » = (x,0,0) and z = 1 (in
units of /s/V, where V is the hopping energy) at the 3D Anderson transition point for different
system sizes L3. Results for L = 11, 13, 15, 17, and 19 have been shifted by —2 for clarity.
Curves fit results to (9.76) with y = 3/2 [9.36]

9.6.3 Two-Particle Correlation Function

The two-particle correlation function S(r, w) is a crucial quantity describing dynami-
cal properties of the Anderson transition. This quantity is a natural extension of the
dynamic structure factor S(q, ) for hydrodynamic fluctuations or atomic vibrations
(see Chap. 7) to electron systems. The two-particle correlation function is defined
as [9.37]

S(r, ) = <Z S(E — E)S(E + ho — Ex ) 05 (1) <r>w;,<0>> ,
A\ D

(9.90)

where v, () denotes the eigenfunction belonging to the eigenenergy E), A labels the
eigenstate, and (- - - )p denotes the disorder average. The inverse Fourier transform
of S(r, w) with respect to w becomes

1 .
S0 =+ <Z S(E — Eoe—'“fv—E”/M(O)w:(r)w(r)w:,(0)> . 991)
D

AL

In (9.91), the variable FE in the exponential function can be replaced by Ej because
of the factor §(E — E,). This delta function is also replaced by the density of states
p(E). Then we have

2
>D'= %P(r, 0, (9.92)

S =% < ; YOy (rye B
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where P(r, t) is the{ disorder average of the probability density of the state ¢(r, t) =
3, ¥ (0) ¢ (r)e Ex/R, Since the initial state

o(r,0) =Y Y5 (O (r)
A

is §(r), P(r, t) represents the diffusion probability. The Fourier transforms of S(r, t),
ie., S(r, w) and S(q, w), are therefore given by the Fourier transforms of P(r, ?).
From (9.55), we have
p D, w)q
S(q, w) = — . 9.93

@@ = D, 0T ©-53)
This relation and the asymptotic forms of the diffusion function [(9.60) and (9.64)]
give the asymptotic profiles of S(g, ) at the Anderson transition point. As seen in
arguments below (9.65), the first (the second) term of the denominator of (9.93)
dominates the second (the first) term for gL, < 1 (gL, > 1). We then have the
relations

S(g, ) x g™ 7H4 for gL, <1, (9.94)

and
S(g, w) x q”_da)_"/d , for gL, > 1. (9.95)

The two-particle correlation function S(r, w) for r < L, is calculated from S(q, )
for gL, > 1 given by (9.95), in a similar manner to the derivation of (9.72) from
(9.65):

S(r, w) xr M forr < L, . (9.96)

The value of n can also be estimated from (9.95) or (9.96). Chalker and Daniell [9.37]
calculated n for the quantum Hall transition (the lowest Landau level) by computing
S(q, w), and obtained n = 0.38 £ 0.04. This value agrees well with n evaluated from
the temporal autocorrelation function C(¢). The frequency dependence of S(r, w) for
r <« L, is equivalent to the | E — E’| dependence of the energy correlation function
Z(E, E') = [ [Ye(@)*[¢p (r)[*dr, where yg(r) is the wavefunction belonging to
the eigenenergy E [9.38].!3 The energy correlation function can be calculated much
more easily than S(r, w) itself, as defined by (9.90). Values of 7 evaluated in this
way are n = 1.5 + 0.3 (3D orthogonal), 0.52 &+ 0.1 (quantum Hall transition), and
0.3540.05 (2D symplectic). Figure 9.10 shows the | E — E’| dependence of Z(E, E’)
for 2D symplectic systems.

13 From the definition (9.90), we have
Sr=00) = (Z 8(E — EA\)S(E + ho — E;n) ¥ (0)¥5 (0) ¢ (004, (0)p -
pry

Assuming that the disorder average is equivalent to a spatial average for a fixed disorder
configuration, S(r = 0, w) is proportional to Z(E, E + hw).
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Fig. 9.10. Energy correlation function Z(E, E’) of the critical states of a 2D symplectic
system described by the tight-binding Hamiltonian (9.39) with (9.41a) and (9.41b) (t = 1 and
6 = m/6). The system size is 150 x 150. The power-law behavior Z(E, F’) « |E — E'|7017
gives n = 0.35 £ 0.05 [9.38]

9.6.4 Diffusion Length

Finally, we address the time dependence of the mean-squared diffusion-length (r%(t))
of quantum diffusion. For generality, we deal with the k th moment of the probability
density P(r, t) given by

(@) = f r*P(r, 1) d%r . (9.97)

Although we know the asymptotic behavior of P(r, ), as shown in Sect. 9.6.2,
the above integral requires the whole profile of P(r, f). It is, however, possible to
calculate the time dependence of (r*(¢)) without knowing an accurate form of P(r, 7).
Let us consider first the Fourier transform P(q, ) given by (9.55). Using the scaling
form of the diffusion function (9.59) and the relation (9.61), we can write

— l —iwt qdfl (qd/w)
Pan =2 [ o

1 ‘ d N2 £ (nd
L / oot @ /;0) filg gw) o, 9.98)
nq 1+ [(g¢/w) f1(g?/w)]

where the scaling function fi is fi(z) = f[(z/hp)'/?] and f is the scaling function
in (9.59). The integrand is a function of g¢/w, and we write this as f>(q“/w). This
provides

1 . d
Pq, ) = E/e_lyfz (th) dy, (9.99)
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where y = wt. Since the above integral is a function of ¢t, P(q, f) can be written as
P(g,1) = g(¢"D) , (9.100)

where g(z) is a new scaling function. The probability density P(r, t), that is, the
inverse Fourier transform of P(q, t), is calculated as

P(r, t) o f g I(2)e7 7% g(q9) dg dS2 (9.101)

where ds2 is the solid angle element, g%~1 J(£2) is the Jacobian of the d-dimensional
spherical coordinate, and 6 is the angle between g and 7. Replacing the variable ¢
by w = gr, (9.101) becomes

. w?
P(r, 1) o r? / w1 J(2)etweosty (%) dwds2 . (9.102)
I

The integral in (9.102) becomes a function of ¢/r¢. Denoting this by k(t/r%), we
obtain

P(r. 1) o r~h (id) . (9.103)
r

Substituting this scaling form into (9.97), we find
(Y oc 4 (9.104)

It should be noted that this expression for (r*) can be obtained without using the
asymptotic forms of D(g, w). This means that the relation (9.104) is valid for any time
scale.!* The relation (9.104) has been confirmed numerically for various systems
exhibiting the Anderson transition [9.35]. Figure 9.11 shows the ¢ dependence of
(r*y with k = 2 for 3D orthogonal, 3D unitary, and 3D symplectic systems. For
all symmetries, (r?(?)) is proportional to >/3 over a wide range of ¢. The moments
(rk) with k = 2,4,6, and 8 for the quantum Hall transition are also shown in
Fig. 9.12 [9.39]. These results support the validity of (9.104).

We see that the exponent of the time dependence of the moment (r¥) does
not depend on the exponent 7. This is not surprising, because the length scale L,
describing the diffusion length during the time interval 1/w is proportional to ™~ !/¢
at the critical point, as given by (9.61). In fact, (9.104) can also be derived directly
from a scaling argument in terms of L,,. The Fourier transform (r*(w)) should be
scaled as

3

14 Of course, the time ¢ should be large enough to ensure that (r%)!/¥ becomes much larger
than the correlation length of disorder.

") =0 f (5‘3) : (9.105)
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Fig. 9.11. Second moment (r2(¢)) of wave-packet diffusion in 3D disordered electron systems
at the Anderson transition point. The solid, dashed, and dotted curves represent the results
for the orthogonal, unitary, and symplectic cases, respectively. For any symmetry, the #%/¢
behavior is clearly visible across a wide  regime [9.35]
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Fig. 9.12. The kth moment (r*(r)) of wave-packet diffusion in a quantum Hall system.
The system is described by the Chalker-Coddington network model [9.40] with 300 x 300
scatterers. The moments k = 2, 4, 6, and 8 are shown. The fact that all data are well fitted by
straight lines with unit slope implies that the k th moment (rf(¢)) is proportional to /¢ [9.39]
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where § is an exponent and f a scaling function. Using the relations L,, « w4 and
& o |x — x.|™", the scaling form of the inverse Fourier transform (r*(¢)) of (r*(w))
becomes

(@) =21 g M x — xe) . (9.106)
In a metallic phase, (r*(¢)) should behave as
(r (D) oc (De)*/* . (9.107)

Since the diffusion constant D is related to the dc conductivity a4, by the Einstein
relation (5.3), D is proportional to (x. — x)*, where the exponent s is defined by
04 X (xc — x)*. The moment (r*(#)) thus becomes

(r () o« (xe — x)N2k2 (9.108)

Comparing this form to (9.106), the scaling function g(z) should behave as g(z) o
z*/2 for z >> 1. In this case, (r*(¢)) expressed by (9.106) takes the form

(rk(t)) x (xc _ x)sk/2t5—1+sk/2vd . (9109)

From (9.108) and (9.109), the exponent § is given by

5:%(1—:—61)“. (9.110)

The Wegner scaling law (9.30) yields

k
S=1+-. 9.111
+ (0.111)

Since (9.106) implies that (r*(¢)) is proportional to #*~! at x = x., we have again
(9.104).

To summarize, most dynamical quantities at the critical point are characterized
by the exponent 7, besides the spatial dimension d. Of course, this does not mean that
n is a special exponent describing critical dynamics. It should also be emphasized
that a single exponent such as 7 is not sufficient to describe all dynamical quantities.
For example, in order to characterize a three-particle correlation function, we need
another exponent independent of 7. In fact, an infinite number of exponents is
required to describe all the dynamics at criticality. In the next chapter, we will show
that the exponent 7 is related to the fractal nature of critical wavefunctions, which
implies that all critical dynamics is governed by (multi-)fractality of wavefunctions
at the critical point.



10. Multifractals in the Anderson Transition

In Chap. 9, we showed the partial similarity between the Anderson transition and
the thermal or percolation transition. Critical properties near/at the thermal phase
transition or the percolation transition are related to the fractality at the critical
point. This is because the local order parameter of such a transition distributes in a
fractal manner. It is natural to suppose that the fractality is relevant in the case of
the Anderson transition as well. However, it is not easy to find an appropriate order
parameter for the Anderson transition itself. What kinds of distribution are fractal at
the Anderson transition? The answer is the squared amplitudes of the wavefunction
at the transition point and the energy distribution of the spectral measure. These
distributions are actually multifractal rather than conventional fractals. Although
the multifractalities of the critical wavefunction and the spectral measure should
generally be independent, they are closely related in the case of the Anderson tran-
sition. This is because the one-parameter scaling hypothesis holds for the Anderson
transition.

In this chapter we provide detailed descriptions of the above statements. We also
discuss how dynamical properties at the critical point are related to the multifractality
of the critical wavefunction or the spectral measure. We showed in Chap. 9 that much
of the critical dynamics can be characterized by the exponent 7. It will become clear
in this chapter that this exponent is related to one of infinitely many exponents
describing the multifractality. We also demonstrate that the multifractal analysis is
quite efficient in revealing the nature of the Anderson transition.

10.1 Multifractality of a Critical Wavefunction

The Anderson transition corresponds to a fixed point in a real-space renormalization
transformation [10.1], which implies that the wavefunction at the Anderson transition
(the critical wavefunction) is scale invariant. Motivated by this idea, Aoki [10.2]
calculated critical wavefunctions in a quantum Hall system numerically for the
first time, considering a 2D disordered electron system in a strong magnetic field.
As mentioned in Sect. 9.5, all wavefunctions in this system are localized, except
for Landau subband centers. The subband centers provide critical energies in the
quantum Hall system. Contour plots of squared wavefunctions |1|* at the lowest
subband center [10.2] are shown in Fig. 10.1.
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Fig. 10.1. Contour plot of a critical wavefunction in a quantum Hall system. (a) The whole
profile of the wavefunction (40/g x 40lg, where /g is the magnetic length). (b) Part of the
same wavefunction magnified by a factor of two in linear scale. The two figures are essentially
indistinguishable [10.2]

These figures suggest that the distribution of |y/|> possesses a fractal nature.
In [10.2], the fractal dimension Dy of the critical wavefunction was calculated by
counting the number of small boxes of size / covering the entire portion of |v/|? with
larger values than a certain height value A. The value obtained was D¢ = 1.5740.03.
The fact that Ds is smaller than the Euclidean dimension (d = 2) proves the fractality
of the critical wavefunction.

We should note that the fractal dimension calculated in this way depends on
the value of the height A. If we choose A to be infinitesimally small, Dy must
be 2 because wavefunctions are in general nowhere exactly zero in a 2D electron
system. Moreover, the fractal dimension should become zero, if A is chosen to be the
maximum value of ||2. These features allude to the multifractality of the critical
wavefunction. The number of small boxes studied in [10.2] gives a rough estimate
of the spatial extent of the wavefunction. A more appropriate quantity for evaluating
the degree of localization is the inverse participation ratio defined by

D o 71
(X wiP)*
1
where ; is the wavefunction amplitude at the i th site. The inverse participation
ratio gives a measure of the number of sites contributing effectively to a given state.
If the wavefunction is strongly localized, P~! does not depend on the system size L,
while P~! is proportional to L4 for a metallic state. Since the critical wavefunction
has a filamentary self-similar structure, the inverse participation ratio is expected to
behave as P! oc L~P¢, where Dy is less than the Euclidean dimension d [10.3]. The
exponent Dy can be regarded as the fractal dimension of the critical wavefunction.

In fact, there exists much numerical evidence for such a system-size dependence of
P~1110.4].
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Let us compare the definition of the inverse participation ratio to the ¢ th moment
(1) of measure y; given by (4.20). If we choose ; as |1/;|? and set [ to unity, the
second moment /qu::lz ) is equivalent to P~!. Therefore, the fractal dimension Dy is
nothing but the mass exponent 7(2) or the correlation dimension D,. The fact that D,
is different from the support dimension d implies that the generalized dimension D,
depends on g and the distribution of |1/;|? is multifractal at the critical point. Figure
10.2 illustrates intuitively the multifractality of a critical wavefunction, in which
squared wavefunctions are shown for a 2D disordered system with strong spin—orbit

interactions. As discussed in Chap. 9, systems with spin—orbit interactions belong

f(w )

|
4 02.||3|"|4|||I5. — If

-Log(|w[*)

Fig. 10.2. Squared wavefunctions in a 2D disordered system with strong spin—orbit interactions
(the symplectic system). The system is described by the tight-binding Hamiltonian (9.39) with
(9.40), where 6 is chosen to be /6. (a), (b), and (c) represent the wavefunctions for W > W,
(localized), W = W, (critical), and W < W, (extended), respectively, where W, = 5.86 in
units of the hopping energy. The inset shows the distribution function |y;|2 for the critical
state (b)
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Fig. 10.3. Numerically calculated generalized dimension D, for a critical wavefunction of
a quantum Hall system. The dashed line gives the parabolic approximation (4.91) with
ap = 2.28 and Df = d =2 [10.5]

to the symplectic class and exhibit the Anderson transition even in 2D systems. The
spatial distribution of the critical wavefunction (Fig. 10.2b) has typical multifractal
features. As shown in the inset of Fig. 10.2, the distribution function of |, |? is quite
broad (like a log-normal distribution), a prominent feature of multifractals.

In order to characterize the multifractality of critical wavefunctions quantitati-
vely, the mass exponent 7(g), the generalized dimension D, the multifractal spe-
ctrum f(«), and the correlation exponent z(g) have been calculated for Anderson
transitions in various dimensions and symmetries. Figure 10.3 shows the generalized
dimension D, for a critical wavefunction at the lowest Landau level of a quantum
Hall system [10.5].

The fact that D, depends on g implies that the spatial distribution of the squared
amplitude of the wavefunction has a multifractal character. From this figure, we
find D, = 1.43 £ 0.03. The precise value of D; has been estimated as D, =
1.50 £ 0.06 for the lowest Landau band by a recent numerical calculation [10.6]
in which considerably bigger systems were treated than those in Fig. 10.3. The
multifractal spectrum f(«) can be calculated through the g-microscope, as explained
in Sect. 4.5. Figure 10.4 shows the f(«) spectrum of the same eigenstate as in
Fig. 10.3 [10.5].

The function f(«) takes its maximum value at o = ¢y = 2.28 with f(ag) = 2,
because the fractal dimension of the support is the same as the Euclidean dimension
of the system.! The curve of f(«) is tangent to the line f(a) = « (thin solid line
in Fig. 10.4) as expected. The dashed curve in Fig. 10.4 represents the parabolic
approximation to f(«) with op = 2.28 and Dy = d = 2, given by (4.89). The

1 A recent numerical study dealing with larger systems suggests ag = 2.31 =+ 0.02 for the
lowest Landau level [10.6].
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Fig. 10.4. Numerically calculated multifractal spectrum f(e) for the same wavefunction as
in Fig. 10.3. The dashed curve gives the parabolic approximation (4.89) with ag = 2.28 and
D =d =2[10.5]
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Fig. 10.5. Distribution function of squared amplitudes of a critical wavefunction in a quantum
Hall system. u;, denotes the box measure fb(le) [¥(r)|2dr, where b(2Ip) represents a box of

size 2/g and /p is the magnetic length. The solid curve is the log-normal distribution obtained
from the parabolic approximation (4.97) with ¢g = 2.28 and Dy = d = 2 [10.7]

generalized dimension D, calculated from the parabolic approximation [see (4.91)]
is also represented by a dashed line in Fig. 10.3. We see from these figures that the
parabolic approximation gives a good description of f(«) near o = a9 and D, near
q = 0. It is shown in Fig. 10.5 that the distribution function of squared amplitudes
of the critical wavefunction in the quantum Hall system is quite broad, as we have
already shown for the 2D symplectic system (inset of Fig. 10.2).
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Fig. 10.6. Correlation exponent z(g) for critical wavefunctions (averaged over 100 realiza-
tions) of quantum Hall systems. Data calculated from the definition of z(g) [(4.52) and (4.53)]
are represented by the symbol *, while data estimated by the scaling relation (4.62) are shown
by o. The dashed curve represents the parabolic approximation of z(g) given by (4.92) with
o =2.28and Df =d =2[10.7]

The solid curve in Fig. 10.5 represents the log-normal distribution obtained from
the parabolic approximation with @ = 2.28 [see (4.97)]. For critical states in the
quantum Hall system, the correlation exponent z(g) has also been calculated. In
Fig. 10.6, the average of z(g) data over 100 critical states is shown by asterisks.

The dashed curve represents the parabolic approximation to z(g) expressed by
(4.92) with @ = 2.28. Circles plotted in Fig. 10.6 show the data of d 4 2t(q) —
7(2g), which should be equal to z(g) by the scaling relation (4.62). The collapse
of asterisks and circles into a single curve provides numerical evidence for the
validity of this scaling relation. Table 10.1 lists numerically calculated values of
D, and g for several types of Anderson transition. Values of D, are insensitive
both to the dimensionality and the symmetry of systems, while ¢ is sensitive to the
dimensionality. We note that multifractal properties of critical wavefunctions have
been most extensively studied for quantum Hall systems, because the 2D Anderson
transition is numerically tractable, in contrast to systems of higher dimensions, and
the critical energies can be precisely determined (at least in a continuum model with
a strong magnetic field).

Although we have only shown numerical results concerning the multifractal
properties of critical wavefunctions, analytical estimates of t(g) or f(«) have been
reported so far. These include perturbative renormalization group treatments on
replicated [10.3, 10.8] and supersymmetric [10.9, 10.10] nonlinear sigma models.
These theories demonstrate sufficient evidence for multifractality at the critical point.
However, they do not provide the full spectrum of multifractal exponents. There
exists a class of models for which multifractal exponents of critical wavefunctions
can be exactly calculated, namely, 2D non-interacting Dirac fermions subject to a
random magnetic field. The Dirac fermion model was first introduced in connection
with the integer quantum Hall effect [10.11] and has been shown to be deeply
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Table 10.1. Numerically obtained values of D, and o for critical wavefunctions in several
systems exhibiting Anderson transitions

Symmetry D; o

QHS 1.50 231
2D

GSE 1.66 2.19

GOE 152 4.1
3D

GUE 149 4.1

related to other intriguing systems [10.12, 10.13]. The multifractality of the critical
wavefunction of a Dirac fermion in a random magnetic field can be obtained by
reducing the problem to computation of thermodynamic functions in a model with
random potentials [10.14]. The Dirac fermion model is, however, a quite exceptional
case. Numerical studies are still crucial and represent the most powerful approach
to revealing the multifractality of critical wavefunctions of many other systems.

10.2 Multifractality of Spectral Measures

We showed in Sect. 10.1 that the spatial distribution of a wavefunction at the An-
derson transition point exhibits multifractal properties. Another class of systems
with multifractal wavefunctions involves quasi-periodic systems [10.15] or the Har-
per model describing Bloch electrons in a magnetic field within the framework of
Peierls substitution [10.16]. In these systems, multifractal properties are found not
only in the spatial profile of the wavefunction, but also in the spectral density of
states [10.17-10.19]. In the case of the Anderson transition, the global density of
states is smooth near the transition point and shows no multifractal properties. Ho-
wever, the energy distribution of p(0, E) becomes multifractal, where p(0, E) is the
value of the local density of states defined by

per,E) =Y 8(E — Ex) () , (10.1)
A

at r = 0. Here v, () is the eigenfunction belonging to the eigenenergy E;. Accor-
ding to the general definition (4.21) of multifractal distributions, the multifractality
of the spectral measure p(0, E) is represented by

(of) = Z( 3 000, E))q x i@ for e >0, (10.2)
b

Eeb(e)

where b(¢) is the energy interval of width € near the critical energy E.. The summa-
tions 3.y and D, represent the sums over energies in the interval b(¢) and over
such intervals. The wavefunction £ (0) belonging to the energy E at the spatial po-
sition » = 0 is normalized by ) . |V (0)|> = 1 [10.20]. The definition of the mass
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exponent 7(q) of the spectral measure given by (10.2) is just the spectral version of
the general definition of 7(g) given by (4.21). The multifractality of p(0, E) is due
to the multifractal correlation of the critical wavefunction.

We show here that the distribution of the spectral measure is multifractal, i.e.,
the moment of the spectral measure has a power-law dependence of € as shown by
(10.2), and the mass exponent 7(g) (or Dq, the generalized dimension of the spectral
measure) is simply related to 7(g) (or D) describing the multifractality of the spatial
profile of the critical wavefunction at the transition point. Generalizing the spectral
moment {p?), we start with the moment defined by

Np - Ne Ej+e q
(p1(, ©) =ZZ</;®/E o(r, E)dEdr) , (10.3)

b j=I

where p(r, E) is defined by (10.1) and fh(l) dr represents the integral over spatial
positions in a small box b(/) of size I. The energy E; in (10.3) is given by

E; = (E - %) +(j— De, (104)

where E is chosen so that the correlation length & at E = E. — E/2 is larger than the
system size L and the energy interval |E. — E| < E,/2 includes a constant number
of eigenenergies (Ng) independently of the system size. The number of boxes N; is
(L/1)* and the number of small energy intervals N, is Es/€. The condition for the
multifractal spectral measure (10.2) is written as

(07, €)) ox €@ (10.5)

where the spectral mass exponent T (g) is a nonlinear function of g.

First, we consider the case € < A, where A is the mean level spacing of the
system. There exists at most one eigenvalue in the j th energy interval [E;, E; + €].
Therefore, (10.3) yields

Ng N

q
o)=Y > (f |1/a(r)|2dr) : (10.6)
w5 \Jeo

where ZQ/E represents the sum over all Ng eigenstates lyingin the interval | E.— E| <
E,/2. Since this energy interval is included in the critical region, the spatial profile
of |4,.(r)]? has the same statistical properties as the critical wavefunction. We thus
obtain

q)
(p1(l, €)) o (%) , (10.7)

where 1(g) is the mass exponent of the multifractal wavefunction. Next, consider
the case € >> A. This condition is equivalent to the limiting case L — oo, keeping €
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fixed. Even in this case {p?(/, €)) should be finite because the number of eigenvalues
Ng is constant, independently of L. Therefore, the moment (09(/, €)) should not
depend on L. The energy scale €, however, introduces new characteristic lengths
less than L. For the case of the Anderson transition, the unique length scale L. is
introduced into the system because of one-parameter scaling. The scale L. is given
by (9.61), i.e.,

1

L.= W , (10.8)

where p is the global density of states at the critical energy. For L. <« L, the whole
system can be regarded as a set of uncorrelated subsystems of size L. Since the
mean level spacing A, of the subsystem is equal to €, the moment (09 (1, €)) for each
subsystem can be expressed by (10.7), but with the system size L.. Thus, fore > A,
we have

Ji (q)
(0, €)) (f) . (10.9)

€

Using (10.8), this equation yields
(p1(l, €)) x € D/? (10.10)

This relation suggests that the spectral measure distributes in a multifractal manner.
Comparing (10.10) with (10.5), we obtain

() = @ , (10.11)

| (10.12)

where ﬁq is the generalized dimension for the spectral measure. We should note that
(10.12) is peculiar to the Anderson transition. For other multifractal wavefunctions
such as those of the Harper Hamiltonian or Fibonacci chains, length scales introduced
by the energy € are not uniquely determined by (10.8). Therefore, the spectral mass
exponent T(gq) (or the generalized dimension ﬁq) is generally independent of 7(q)
(or D) describing the multifractality of the wavefunction.

The scaling relation (10.12) for the Anderson transition has been confirmed
numerically by Huckestein and Klesse [10.21]. They calculated D, and f)q inde-
pendently both for the quantum Hall critical states and for the critical states in a 3D
disordered system subject to a magnetic field. The results are shown in Figs. 10.7a
(2D) and 10.7b (3D). These figures clearly show the validity of (10.12) for 2D and
3D systems.

Let us consider the arguments for using the local density of states as an order
parameter of the Anderson transition. In contrast to conventional continuous phase



158 10. Multifractals in the Anderson Transition
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D(q), D(q)/2
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D(q), D(q)/3

Fig. 10.7. (a) Generalized dimensions of a critical wavefunction (<) and the spectral measure
(0) for a quantum Hall system described by the 2D Chalker—Coddington network model,
which includes 150 x 150 (for ©) and 200 x 200 (for O) scatterers. (b) Generalized dimensions
of a critical wavefunction (<) and the spectral measure (O) for a 3D GUE system described
by the 3D Chalker—Coddington network model, which includes 20% (for <) and 35% (for 0)
scatterers [10.21]

transitions, it is difficult to find a suitable order parameter for the Anderson transition.
This seems to be due to the fact that the symmetry breaking accompanying the
Anderson transition is not luminous. The order parameter for the Anderson transition
should satisfy the following conditions:

o the order parameter vanishes in the localized (or delocalized) phase,
o the order parameter becomes finite and positive in the delocalized (or localized)

phase,
o the order parameter exhibits a power-law behavior with a critical exponent near
the transition point.

The typical value of the local density of states py, satisfies all these conditions,
as will be shown below, and can be regarded as a strong candidate for the order
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parameter of the Anderson transition [10.22]. Smearing out the é-function in (10.1)
by a finite width I(E) o< L™ for a system of size L, the local density of states is
given by

p(r, E) = I N(E) [ye@)I® . (10.13)
The spatial average p,, of p(r, E) defined by p,, = L4 [ p(r, E)dr becomes
Pav o< L° . (10.14)

From the finite-size scaling argument discussed in Sect. 3.3, (10.14) implies that pa,
does not depend on x for an infinite system near the transition point, where x is one
of the external parameters introduced in Sect. 9.3, such as the energy or the strength
of disorder. Therefore, the quantity o, is not suitable for the order parameter. This
is obvious because p,y is nothing but the global density of states, which is a smooth
function of x near the transition point x.. In contrast, the typical value of p(r, E)
has non-trivial L dependence. In general, as mentioned in Sect. 4.8, the typical value
of distributed quantities {m;} is defined by the value m,y, at which the distribution
function R(logm) becomes maximum, which is equivalent to the geometric mean
of {m;} if R(logm) is a symmetric distribution. Thus, the typical value of the local
density of states pyp is given by

pyp = T HE) pyp (10.15)

where iy is the typical value of the box measure w; of |¥£(r)|> with box size
[ = 1. The typical value of multifractal measures was discussed in Sect. 4.8, and
(4.98) gives

Pryp & TTH(E)L™ o L97%0 | (10.16)

where ¢ is the Lipschitz—Holder exponent giving the maximum value of the multi-
fractal spectrum f(«) of the critical wavefunction. Applying the finite-size scaling
argument to (10.16), the typical value pyy, for an infinite system near the transition
point x. behaves as

Pryp X (xe — 0P, for x < x., (10.17)
where
B = viag—d) . (10.18)

The quantity py, obviously becomes zero in the localized phase, so (10.17) is only
valid for x < x. (extended phase). Since «y > d, the exponent f is always positive.
All these properties of py, satisfy the conditions for the order parameter. The values
of the order parameter exponent 8 can be estimated from the values of v and «g
listed in Tables 9.2 and 10.1 (8 = 0.46 for the 2D GSE and 1.73 for the 3D GOE).
In contrast to ordinary critical phenomena, the values obtained for 8 are larger than
unity for 3D systems.
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10.3 Relations between Multifractality
and Dynamical Properties at the Transition Point

Critical wavefunctions and spectral measures at the Anderson transition point pos-
sess a multifractal nature and require an infinite set of exponents [7(g), Dy, or f(«)]
to describe their statistical properties. As mentioned in Sect. 10.2, exponents cha-
racterizing wavefunctions (r, Dy, or f) and spectral measures (7, ﬁq, or f) are
not independent for the Anderson transition due to one-parameter scaling, while
these are independent in general. One-parameter scaling also leads to the power-law
behavior of dynamical quantities at the transition point, as discussed in Sect. 9.6. An
intriguing question arises here: are the exponents describing the critical dynamics
(such as n) independent of the multifractal exponents? The answer to this question
is quite important if we are to understand the critical dynamics at the Anderson
transition from the multifractal viewpoint. We show in this section that the answer
is no and that the generalized dimension for ¢ = 2 (the correlation dimension) is
related to the exponent n by [10.5,10.23]

Dy=d—n. (10.19)

This significant relation has been confirmed numerically for several systems exhibi-
ting the Anderson transition.

Let us start with the second moment of the probability measure () = |(r)|?,
where ¥(r) is a critical wavefunction. From (4.20), this quantity is defined by

2
<u%>=2( / |w<r>|2dr) : (10.20)
b b()

where the integral |, b () dr is taken over spatial positions in a small box b(J) of size
[. Because of the multifractality of the critical wavefunction, the moment should
behave as

7(2)
(u7) o <Z) o P2 (10.21)

Introducing the average over boxes (- - - ), (10.20) can be expressed as

1= (o)
(Mz)—(l <[b(1)|w(7‘)| r .

where the factor (L/I)¢ denotes the number of boxes in the system. The average
(---)p is equivalent to a disorder average in a specific box at criticality. We then have

L d
<u%>=<7> / / Iy Pl @) *)pdr'dr” (10.22)
b()Jb(l)

where (---)p represents the disorder average. Due to the disorder average, the -
integrand (|y(r")|?|¥(r")|*)p is a function of |»' — 7”|. We denote ' — 7" and
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(r" +7")/2 by r and R, respectively. The Jacobian J of this transformation is unity.
The volume of the new integration range after this transformation has the same
[-dependence as the original integration range because J = 1. Therefore, the second
moment becomes

(i) oc L /b \ (WO [y(r)?), dr (10.23)
(

where we have used f b(D) dR o 9. It should be noted that the integrand in (10.23)
is identical to the two-particle correlation function defined by (9.90) with @ — 0,
except for the density of states at the critical energy, i.e.,

(WO 19 () ), o< S(r, 0 — 0) . (10.24)

The asymptotic profile of S(r, ) at lower frequencies is given by (9.96). Using this
proportionality, (10.23) yields

I
(u?) o Ldp_lf e o 14T (10.25)

0
where p(oc L?) is the density of states at the critical energy. We then obtain (10.19)
by comparing (10.25) with (10.21).

All dynamical quantities discussed in Sect. 9.6 are characterized by the unique
exponent 7.2 The relation (10.19) implies that dynamical properties at the transition
point can also be described by a single multifractal exponent. For instance, if we
express the long-time behavior of the temporal autocorrelation function defined by
(9.73) as C(¢) o t~%, the exponent § is, from (9.74), given by

D,
d=—=D,. (10.26)
d
Similarly, for the diffusion function D(gq, w), equation (9.64) implies that the ex-
ponents & and « describing the asymptotic behavior of D(q, ) for gL, > 1 as
D(q, w) x g~ ¢w" can be written as

e=2-D,, (10.27)
and
D (10.28)
K = d . .

Therefore, (10.19) provides a key relation for understanding the Anderson transition.
The validity of the scaling relation (10.19) has been checked numerically [10.20,
10.24]. This can also be seen from Tables 9.3 and 10.1, as shown in Table 10.2.

2 This does not mean that the exponent 7 (or D) can describe all the critical dynamics.
For example, the asymptotic behavior of the g-particle correlation function which is an
extension of the two-particle correlation function defined by (9.90) requires at least the
exponent D,. The following should also be noted: it is not obvious whether the whole spe-
ctrum of multifractal exponents is sufficient to describe all dynamical properties, although
it is necessary.
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Table 10.2. Comparison between d — n calculated from Table 9.3 and D; listed in Table 10.1.
The coincidence of these values implies the validity of the scaling relation (10.19)

Symmetry d—n D

HS 1.62 1.50
2D Q

GSE 1.68 1.66

GOE 1.5 1.52
3D

GUE 1.7 1.49

In order to clarify numerically whether two given systems belong to the same
universality class, it is common to check the equality of the set of critical exponents
of these two systems. The scaling relation between n and D, allows us to use the
multifractal exponent to do this. A comparison between the whole spectra of mul-
tifractal exponents makes it possible to distinguish more precisely two universality
classes than the comparison of a finite number of exponents (such as v and 7).

10.4 Conformal Invariance

The multifractal nature of critical wavefunctions or spectral measures is deeply rela-
ted to the critical dynamics, as seen in Sect. 10.3. We will show in this section that the
multifractality of the critical state in an infinite 2D system also relates to the scaling
amplitude A, of a quasi-1D system with width M, introduced when discussing the
finite-size scaling analysis in Sect. 9.5. This relation is a direct consequence of the
conformal invariance of the system.

Before deriving the relation between the multifractality and A., we must first
explain conformal invariance. For general critical phenomena, it is well known that
a physical quantity at a critical point is invariant under a global scale transformation
due to the fractal nature of the critical state. Conformal invariance requires the
quantity to be invariant even for a local scale transformation with spatially varying
scale factors. This represents a very high symmetry of the critical state, and not all
critical states possess this symmetry. If a system is, in a statistical sense, invariant
under arbitrary uniform translations and rotations, the critical state of this system has
translational, rotational, and dilatational (scaling) symmetries. In other words, the
fixed-point Hamiltonian® is invariant under composite transformations g combining
these global operations of translation (7), rotation (R), and dilatation (D). We focus
on such systems in this section. We can also consider composite transformations
g(r) combining a local translation 7(r), rotation R(r), and dilatation D(r). The

3 Assuming that a renormalization operation 93 maps the Hamiltonian H onto an effective
Hamiltonian H’, i.e., H = PR[H], the fixed-point Hamiltonian A* is defined by H* =
R[H]. Details of the renormalization group theory for critical phenomena are presented
in [10.25].
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local-scale transformation is nothing but the transformation g(r). Since the local
operators T(r), R(r), and D(r) preserve the angle between two local vectors a(r)
and b(r), the transformation g(r) also does so.

If the Hamiltonian includes only short-range interactions, it seems plausible that
the critical fixed-point Hamiltonian will be invariant under the local transformation
g(r). An intuitive explanation of this symmetry is presented as follows. Let us
consider, as an example, a spin system on a 2D square lattice (see Fig. 10.8a).

A block-spin transformation performed in a renormalization group treatment
replaces all the original spins (thin arrows) inside a cell shown in Fig. 10.8a by a single
block spin (thick arrows). The block spin configuration determined by interactions
between block spins is similar to the original spin configuration at the critical point
because of fractality. We transform this spin system by a local transformation g(r),
as shown in Fig. 10.8b. If the spatial modulation of g(r) is sufficiently slow and
the spin—spin interactions are short range (e.g., nearest neighbors), the block-spin
interaction in the system transformed by g(r) can be approximated by that in the
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Fig. 10.8. Schematic illustrations of a local-scale transformation for a 2D spin system. Small
arrows represent the original spins, while thick arrows express block spins by block-spin
transformations. The original spin system (a) is mapped onto (b) by the local transformation
g(r). A local spin structure (hatched region) in the mapped system (b) is approximated by
the spin structure transformed by a global transformation g from the original system (a), as
shown in (¢)
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system transformed by g = g(ro) (Fig. 10.8c), where r( denotes the position of
the block spin. Since the Hamiltonian is invariant under the global transformation
g, it is also invariant under the transformation g(r). Therefore, the critical system
is invariant under the local-scale transformation if the system has translational and
rotational symmetries and the spatial modulation of this transformation is slow over
the interaction (or hopping) range. In the case of the Anderson transition, uniformly
distributed random potentials guarantee translational and rotational symmetries of
the system, and the hopping term in the tight-binding Hamiltonian [(9.35)] is usually
short range. We thus expect invariance under local-scale transformations for the
Anderson transition.

How should a physical quantity A(r) behave spatially if A(r) is locally scale
invariant? To see this, we recall the case where A(r) is globally scale invariant. In
this case, A(r) should be expressed by

A(r) ocrt, (10.29)

where A is a constant exponent [fractal dimension of A(r)]. This expression is
equivalent to the following statement: the quantity A(r) should satisfy

Aar) = a*A(r) (10.30)
under a global scale transformation
r— R=ar, (10.31)

where a is a constant scaling factor. According to this expression of global scale
invariance, local scale invariance can be grasped by A (r) satisfying a similar equation
to (10.30) under a local scale transformation

r— R=g(r), (10.32)

where g(r) is a transformation composed of a local translation, rotation, and dilata-
tion. Since the global scaling factor a in (10.30) is replaced by a spatially varying
scaling factor |Vg(r)| for the local scale transformation, the equation corresponding
to (10.30) becomes

Alg(r)] = [Vg(@)|*A(r) . (10.33)
If the physical quantity A isa functionof {ry, 3, ... , r,}, like a correlation function,
(10.33) can be extended to

Alg(r),g(r2), ..., gry)] = (10.34)

IVig(r) M Vag(r)12 . I Vag(r) " A(r, 7oy o Ta)

This gives a mathematical expression for the local scaling invariance of the quan-
tity A.

The argument above involves no restriction on spatial dimensions of systems, so
local scale invariance can be expected for any dimensions [10.26, 10.27]. However,
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the mathematical treatment of this invariance simplifies dramatically in 2D systems.
If we regard the 2D space as a complex plane, alocal scale transformation is described
by the conformal mapping

z=x+iyr— w=g@) =u+iv, (10.35)

where g(z) is an analytic function, because the conformal mapping preserves the

angle between two local vectors a(z) and b(z). Therefore, local scale invariance

for 2D systems is, in particular, referred to as conformal invariance. The expression

(10.34) is written as

M A
A(Z],Zz, ey Zn) .

(10.36)

Ao ag

0Zx

ag

07}

dg
k&)

Alg(z1), 9(z2), ..., g(zn)] =

In the case of the Anderson transition, conformal invariance yields the transformation
law of the two-particle correlation function

-n/2 -n/2

(lv@DP 1))
(10.37)

ag

dg
7 )

021

(IWlg@DI? WlgE)IP)y = ‘

where (- - - )g and (- - - )¢ denote disorder averages in a given 2D system § and in the
transformed system S” by the conformal mapping (10.35), respectively. The reason
for Ay = Ay = —n/2 is that

(W)l @) P)g o lrp — 7|77, (10.38)

which is obtained from (9.96) with infinitesimal w. It should be emphasized that we
expect (10.37) for any kind of conformal mapping g(z).*
Let us focus our attention on the special conformal mapping

M
g(@) = —logz, (10.39)
2
where M is a constant. This analytic function maps a point z = x + iy = rel’ onto
M Mo
W= logr 4 i | (10.40)
2 2

If the domains of  and 4 are (0, oo) and [0, 27], the ranges of # and v (w = u+iv) are
(—o00, 00) and [0, M], respectively. Therefore, this transformation maps the infinite
2D system onto an infinite quasi-1D system of width M (see Fig. 10.9). Since 6 is a
variable with period 27, this quasi-1D system has periodic boundary conditions in
the direction of the width. Corresponding to (10.37), this conformal mapping gives

41f g(z) = az, the relation (10.37) becomes
(Wlg@DIP¥lgE)] ) = a2 (YD) Py )s -

Thus, we have A| + A = —n. The symmetry between 7| and 7 in the correlation function
gives A} = Ap = —n/2.
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function (M/2x) log z. An infinite 2D system
is mapped onto an infinite quasi-1D system
with width M

’ Fig. 10.9. Conformal mapping by the analytic

(1@ + i) 1w +iv) ), = (10.41)

90 |72 5g | =12
a—zgl 5.7,% (Wl 1w, .

where (---)p and (- - - ) represent disorder averages in the quasi-1D system and
in the infinite 2D system, respectively. This equation implies that the two-particle
correlation function of the infinite 2D system is obtained from the exponent n and
the correlation function of the quasi-1D system, which is easily calculated from
numerical simulations.

Let us express the correlation function of the quasi-1D system in terms of
variables u and v. Using the relation

(W@ 1)), o lz1 — 227", (10.42)
and

0 M

8_5 = E ) (1043)
equation (10.41) becomes

—n/2
: . lzg —z2?\ "
(WG +iv) P [¥(ua + i) ), o (4 : (10.44)
lz1llz2]

The right-hand side of this relation can be rewritten as

(L — Z2|2>—n/2 = (10.45)

z1]|z2] ’
—n/2

{ exp [%(”1 - Mz)] + exp [%(uz - Ml)] —2cos [%(Ul - UZ):I }
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Here we used the relation z = exp[27(u+iv)/M] obtained from (10.39). We evaluate
the correlation function of the quasi-1D system for |u; — uy| > M. The quantity
given by (10.45) is dominated by the first term if #; >> u, and by the second term if
U < uy. We thus have

(19 + o) Pt + iu) ) o exp (=Tt 1 —wal) (10.46)

On the other hand, the localization length 13, of the quasi-1D system is given in the
complex representation by

M oM
f / (191 +iv) Pl (uz + iv2) P), pdvido; o (10.47)
0 0

2
exp —A—*lul—uzl .
M

Comparing (10.47) and the integral of (10.46) with respect to v; and v,, we find

A 2
A=Y - = 10.48
¢ M b147] ( )
Using (10.19), we have

. 2
Al = wd—Dy) (10.49)
This relation implies that the scaling amplitude A of the quasi-1D system is related
to the multifractal property (D;) of the critical wavefunction in the infinite system.

Although (10.49) is a meaningful relation that gives the scaling amplitude of
the two-particle correlation function, we should note that the quantity A} is not
equivalent to the critical scaling amplitude A. introduced in Sect. 9.5. This is because
the quasi-1D localization length X 5 in (9.42) gives the decay rate of the typical profile
(i-e., the geometric mean) of wavefunctions, as mentioned in the footnote on p. 131,
while A3, in (10.47) is defined by the two-particle correlation function, which is the
arithmetic mean of |/(r1)|?|y¥(r,)|? in the quasi-1D system.

In order to obtain the relation between A, calculated by the finite-size scaling
technique and exponents defined in an infinite 2D system, we repeat the above discus-
sion but starting with the typical value of |/(r)|*|(r2)|* rather than its arithmetic
mean in (10.37). The transformation law of the typical value (|1/f(r1)|2|1p(r2)|2)typ

becomes
-n/2 -n/2

0
I @R @)

022

D
typ

dg
971

00
typ

(1vlg@DI* 1¥lgE)]P)

s

(10.50)

where the conformal transformation g is given by (10.39). The symbols (- -- )10

and (--- )37 represent the typical values in the quasi-1D and infinite 2D systems,

respectively. Since the fractal dimension of the typical value of the local density of



168 10. Multifractals in the Anderson Transition

Table 10.3. Comparison between 1/m(cg — d) with ap listed in Table 10.1 and A, obtained
by finite-size scaling analyses (Table 9.2)

1

S — A
ymmetry o oo Ac

2. ) : .

p QS 31 1.03 1.19
GSE 2.19 1.68 1.98

sp GOE 41 029 0.58
GUE 41 029 0.57

states pyyp is given by d — ag [(10.16)], we have A; = Ay =d — a9 and

(WP ¥Ry, o 21 = 2470 (10.51)

where o is the Lipschitz—Hdlder exponent giving the minimum value of the multi-
fractal spectrum f(c) of the critical wavefunction. We can repeat the argument below
(10.43) for the quantity (| (u1 + iv1)|*|[¥(ua 4 iv2)|?) i, replacing n by 2(ao — d).
Finally, we obtain

A=
n(ao — d)

instead of (10.49). The validity of (10.52) can be checked by using the data listed
in Tables 9.2 and 10.1. Results are summarized in Table 10.3. For 2D systems,
numerically calculated values of A, agree relatively well with 1/ (ag — d), within a
precision of about 10%, while the discrepancy between these values for 3D systems
exceeds 50%. This suggests that (10.52) [and also (10.49)] holds only for 2D systems,
as expected, although local scale invariance may be valid for any dimensions [10.26,
10.27].

(10.52)

10.5 Universality at Higher Landau Levels

The multifractal properties of critical wavefunctions and spectral measures at the An-
derson transition are deeply related to its criticality. This implies that multifractality
at the transition point is not only conceptually important but also useful for revealing
critical properties or universality of the Anderson transition. Here we demonstrate
the efficiency of multifractal analysis via a study of the quantum Hall transition.

As mentioned in Sect. 9.5, in a 2D disordered electron system subject to a uniform
magnetic field (quantum Hall system), all states are localized except for states at the
centers of the Landau subbands. The states at the subband centers have a multifractal
property (see Fig. 10.1), which indicates that these states are critical. The transition,
say, the quantum Hall transition, from localized to critical states can be considered
as an Anderson transition, and has been much more extensively studied so far than
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any other Anderson transition. This is because the system is numerically tractable
and the transition points are exactly known, in addition to its physical importance.
However, the scaling property of the quantum Hall transition is still far from being
fully understood. Studies using the finite-size scaling analysis described in Sect. 9.5
indicate that one-parameter scaling holds for the quantum Hall transition for the
lowest Landau level (N = 0), while values reported so far for the localization length
exponent v, for example, for the second lowest Landau level, range from 2.3 to 6.2,
depending on the correlation length of disorder. This seems to show non-universality
of the transition at higher Landau levels. In an attempt to reconcile the apparent lack
of universality, Huckestein [10.28] has suggested that, if one introduces an irrelevant
scaling length &, to describe Ay, given by (9.42) as

M M
Au=f (; %‘_) , (10.53)

universality at the higher Landau levels is recovered asymptotically on a length
scale much larger than &;,. If the irrelevant length scale &, decreases rapidly as
the correlation length of disorder o increases, the asymptotic recovery of one-
parameter scaling with increasing o is expected. What we will do in this section is
to confirm this asymptotic recovery by means of the multifractal analysis of critical
wavefunctions [10.6].

We can write the Hamiltonian of the quantum Hall system as

H = Z INX) (N + %) Fwoc (NX| (10.54)
NX

+Y ) T INXNNXIVIN X WN'X|

NX N'X/
where w, and V are the cyclotron frequency and a random potential, respectively. The
quantum state |NX) represents the Landau state for a 2D system without disorder
subject to a uniform magnetic field, where the labels N and X denote the Landau
index and the x coordinate, respectively. The magnetic field is assumed to be so strong
that each Landau subband can be treated separately, i.e., |(NX|V|N'X")| < hw,
(N # N’). The random potential is given by an assembly of Gaussian scatterers of
the form

Vi 2202
V(r) = ZT;ze'r rilt/2en (10.55)

1

where the centers of Gaussian scatterers r; are randomly distributed and V; is
assumed to be V; = V|, with an equal probability. In the short-range limit of
the potential correlation (o = 0), the potential becomes a set of § functions, i.e.,
V(r)y =Y, Vib(r — 7).

Numerical diagonalizations of the Hamiltonian (10.54) give eigenstates belon-
ging to the higher Landau levels as well as the lowest one. Figure 10.10 depicts
spatial profiles of wavefunctions |/(r)|? belonging to eigenenergies closest to the
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Fig. 10.10. Eigenstates of quantum Hall systems described by the Hamiltonian (10.54). (a)
and (b) show the squared critical wavefunctions for the short-range random potential (¢ = 0)
belonging to (a) the lowest and (b) the second lowest Landau bands. The critical wavefunction
at the second lowest Landau level for & = 0.71/p is depicted in (c), where /p is the magnetic
length [10.6]

centers of N = 0 and N = 1 Landau subbands. The wavefunction at the lowest
Landau level (N = 0) for the short-range random potential (Fig. 10.10a) possesses
sparsely distributed spikes, like the critical wavefunction of a 2D disordered system
with strong spin—orbit interactions shown in Fig. 10.2b. In contrast, the wavefunction
shown in Fig. 10.10b (N = 1 and ¢ = 0) is more homogeneously distributed. It
thus seems that these two wavefunctions have different multifractalities and belong
to different universality classes. The spatial profile of the wavefunction shown in
Fig. 10.10c (N = 1 and o = 0.71lp) is, however, very similar to Fig. 10.10a, where
Ig is the magnetic length. This intimates that increasing o recovers ill-criticality at
the higher Landau levels.
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Fig. 10.11. (a) Multifractal spectra f(a) of critical wavefunctions at the lowest (N = 0), the
second lowest (N = 1), and the third lowest (N = 2) Landau levels of a quantum Hall system
with a short-range random potential (c = 0). (b) The same for a finite-range random potential
(o = 0.71lg) for the N = 1 Landau level [10.6]

We examine the multifractal spectra f(«) of these wavefunctions in order to
elucidate this recovery more quantitatively. The multifractal spectrum is readily
calculated using the g-microscope of a wavefunction, as explained in Sect. 4.5.
Figure 10.11a represents the f(«) spectra of the critical wavefunctions at N = 0,
1, and 2 Landau levels with the short-range random potential (¢ = 0). These
spectra do vary systematically with N. If we approximate f(«) by a parabolic
function (4.89), f(a) is characterized by a single exponent «g besides Dy = d = 2.
From Fig. 10.11a, the value of &y decreases from ap(N = 0) = 2.31 £0.02 to
ap(N = 1) = 2.15 4+ 0.02, and further down to ap(N = 2) = 2.09 = 0.01. In
contrast, the correlation dimension D, calculated from D, = ga(q) — fla(g)] with
g = 2 increases from Dy(N = 0) = 1.50 £ 0.06 to D,(N = 1) = 1.73 £ 0.05
and D>(N = 2) = 1.82 + 0.05. These results apparently indicate that critical
states belonging to different Landau bands have different criticalities. If we turn
to long-range potentials (¢ > 0), however, the values of a9 and D; for N > 1
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Fig. 10.12. Potential range dependence of the critical scaling amplitude A, for the second
lowest Landau level of quantum Hall systems. The abscissa B2 is the reduced potential range
1 + (0/Ig)?, where Ip is the magnetic length. The critical scaling amplitude A. is calculated

from (10.52). The horizontal dashed line indicates A, = 1/log(1 + V2) [10.6]

almost go back to those for N = 0 and 0 = 0 [ag(N = 1) = 2.32 & 0.03 and
Dy(N =1) = 1.51 £0.07 for 0 = 0.71/g], as shown in Fig. 10.11b. This fact
quantitatively proves the recovery of ill-criticality at the higher Landau levels with
increasing o.

The same conclusion is also obtained by evaluating the critical scaling amplitude
A, introduced in Sect. 9.5. As mentioned in Sect. 10.4, conformal invariance of a
2D Anderson transition gives a relation between the multifractality of the critical
wavefunction and A, defined on quasi-1D systems.

The o dependence of A, calculated from (10.52) is shown in Fig. 10.12 for
the second lowest Landau level (N = 1). As the correlation length o is increased
(increasing B in Fig. 10.12), the value of A. approaches that for N = 0 or the value
A = 1/1og(1 + ﬁ) obtained by Lee et al. [10.29] for the network model of the
quantum Hall system. This asymptotic recovery of one-parameter scaling at higher
Landau levels with long-range potentials agrees with the finite-size scaling result of
Huckestein [10.28].

10.6 Finite-Size Scaling for the ¢ th Moment

We have demonstrated that multifractal analyses are quite useful for studying critical
properties of the Anderson transition. If we know the critical point, multifractal
analysis gives an infinite set of exponents. Another powerful numerical method for
examining the critical properties of the Anderson transition in infinite systems is the
finite-size scaling analysis discussed in Sect. 9.5, which provides the critical point
X¢, /¢, and the localization length exponent v. If we can combine these two methods,
it becomes possible to obtain all these quantities by a single procedure.
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In this section, we show that such a method is realized by taking account of the
scaling for the g th moment (u;’) (or its logarithm). In contrast to the conventional
finite-size scaling analysis where only the system size plays a role in the scaling
measure, the present scaling analysis uses both the system and the box sizes to alter-
nate the length scale. Due to this feature, it is not necessary to calculate localization
lengths X,y or diagonalize Hamiltonians for many systems with different sizes.

According to (4.20), the g th moment of the probability measures |v;|? is defined
by

(i =" ( > |1/fi|2>q : (10.56)
b

ieb(l)

If the system is at the critical point and / < L, we have (u]) o< (I/L)™@ because
of multifractality of the critical wavefunction. However, our interest here is not only
precisely at, but also near the critical point. The g th moment {(11]) is a function of
the system size L, the box size /, and external parameters x such as the strength of
disorder W or the energy E. One-parameter scaling requires (i1]) to be written as

wh =5 (55) (10.57)
: \Neg) '

where ¢ is an exponent, & is the correlation (or localization) length of the infinite
system, and f, is a two-variable scaling function which depends on g. Since the
length L is always larger than /, the scaling function f, (s, ) is defined in the range
s>t

The scaling function f,(s, #) has two branches corresponding to the localized
and extended regimes, as in the case of the conventional finite-size scaling analysis
(Fig. 9.7). First we consider the asymptotic form of f, (s, ) in the localized regime.
In the case where both the system size L and the box size [ are larger than the
localization length &, i.e., s 3> | and ¢ > 1, the g th moment (u;’) is dominated
by the contribution from just one box. Due to the normalization condition on |; |?
(uf) becomes unity for this case. This means that the exponent ¢ should be zero. If
the localization length is smaller than the system size but larger than the box size,
ie,s >» landt < 1, (,ulq) does not depend on L because the wavefunction is
localized inside the system. However, the squared amplitudes |v;|? distribute in a
multifractal manner within a scale much less than the localization length. Therefore,
() o< (1/8)"@ and f,(s, 1) o t™@ . For s « 1 and 1 < 1, the wavefunction has the
multifractal character over the whole system. In this limit, f,(s, ¢) is proportional to
@/ s)r(q).

Next we consider the asymptotic profile of f, (s, £) in the extended branch. If s
and ¢ are large enough compared with unity, [1;]? in (10.56) can be replaced by an

averaged value w_z which is proportional to L~¢ due to the normalization condition
for |1;|2. This replacement leads to

L\¢ - \9
(u7>o<<7) (l"wz) : (10.58)

>
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and

d(g-1)
Jq(s, 1) (g) : (10.59)

For s > 1 and t < 1, the whole wavefunction can be divided into (L /&)? equivalent
boxes (£-boxes) of linear size £. In order to calculate (/L;I), we introduce a rescaled
wavefunction ¥ = (L/£)%?; and the moment (u;?); defined by

wive= > (X lwiF)" (10.60)

bek-box ieb(l)

where the summation . 1, represents the sum over small boxes of size / con-
tained in the £-box. The rescaled wavefunction is normalized within a &-box, i.e.,
Y icebox |ViI* = 1. Since the wavefunction v is multifractal on a scale less than &,

we have (u;7); o (1/£)"?. Expressing (1;%)¢ by the original wavefunction v;, we
obtain

L dq L d(g—1)
(i)e = <—) > (X k) = (—) i) . (10.61)
é: bek-box ieb(l) E

Here we have used (10.56) and the relation ) ©, = (L/ £)4 > bet-box resulting from the

equivalence of §-boxes. From the relation (1;9) oc (I /€)@ due to multifractality
of ¥/ on a scale less than &, we have

L\Y=D 7\ 7@
(u?)cx(g> (E) , (10.62)

£y (s, 1) oc sM=D7@ (10.63)

and

Finally, in the case where s < 1 and ¢+ <« 1, the wavefunction distributes in the
same way as the localized wavefunction with the localization length much larger
than the system size. The scaling function in this limit has the same asymptotic form
of f;(s, ) in the localized branch. Therefore, the asymptotic forms of f,(s, ) can
be summarized as follows. For the localized branch,

1, ifs>landz > 1,

oq) i
fols 1) o 79, ifs>»landr 1, (10.64)

¢ q)
(—) , fsklandr K1,
s

and for the extended branch,
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Fig. 10.13. Scaling function (10.66) calculated for a 2D system subject to a random magnetic
field with finite mean. The order of the moment is chosen to be g = 2, and 6B/ B = 0.5, where
B is the average magnetic field and 3B is the strength of the fluctuating magnetic field [10.30]

t dig—1)
(—) , ifs>1landr> 1,
s

fa(s, 1) o< § 90D @ | if s> landr < 1, (10.65)

¢ =(q)
(—) , ifsglandr 1.
K3

In actual numerical calculations, it is convenient to choose the quantity G, =
log(u{) as a scaling variable instead of the moment () itself. The localization
length exponent v and the critical parameter x., as well as the mass exponent 1(g),
can be obtained by fitting log{u]) to the function

Gy = gq (LY"Ix — x|, 1"V 1x — xc) (10.66)

In the fitting procedure, the above function is expanded around x = x as in the case
of the conventional finite-size scaling analysis [see (9.43)]. The present finite-size
scaling analysis includes two scaling lengths L and /. It is therefore possible to
perform this analysis for a fixed system size L. This saves a considerable amount
of computing time compared to the conventional finite-size scaling analysis. In
addition, (10.66) depends on the order g, while v and x. are independent of g. This
implies that v and x, can be multiply determined by varying the value of gq.
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The efficiency of this scaling analysis is demonstrated by showing criticality of
the Anderson transition in a 2D electron system subject to a random magnetic field
with finite mean. Quantum transport and eigenstate properties of non-interacting
2D electrons in a random magnetic field have greatly stimulated theoretical and
experimental interest [10.31], because strongly correlated 2D electrons in a magnetic
field can be mapped onto this system [10.32]. It has been suggested by a semiclassical
theory that the system is equivalent to a quantum Hall system if the average magnetic
field B is much larger than the strength of the fluctuating magnetic field 8B and the
correlation length of the random magnetic field is much longer than the cyclotron
radius of the average field [10.33]. This prediction has been confirmed in terms of
the above scaling analysis. Figure 10.13 shows the calculated scaling function g,
given by (10.66) for ¢ = 2 and 8B/B = 0.5 [10.30]. Rescaled data of log(u;’) (filled
circles in Fig. 10.13) collapse onto a single scaling surface. This scaling analysis
gives v = 2.308 + 0.013 and D, = 1.614 £+ 0.026, which agree quite well with
those for the quantum Hall transition.

In this chapter, we have shown that the concept of multifractals is highly si-
gnificant for understanding the Anderson transition. The relevance of multifractals
is not, of course, restricted to the Anderson transition. There are vast numbers of
physical systems exhibiting multifractality. It is interesting to seek the answer to
the fundamental question as to why nature prefers fractals or multifractals. These
investigations are now in progress.



Appendices

A. Multifractality of the HRN Model

The hierarchical resistor network (HRN) possesses almost all properties of multi-
fractals which are characterized by exponents 1(g), Dy, f(a), and z(g). Here we
investigate analytical expressions for these exponents in the HRN model.

It seems that the multifractal measure of the HRN model is the voltage drop V;
of the i th bond. In a multifractal analysis, the measure y; should be normalized
to ), ui = 1. The voltage drop V; is, however, not normalized [)_; V; = (6/5)"
because of (4.11) with ¢ = 1]. This is because the total voltage drop is fixed at unity.
If the voltage drop V; is normalized by ) ; v; = 1, where

vi = (%) Vi (A.D)

for the n th generation of the HRN, v; can be a correct measure in the multifractal
analysis. Below we discuss the multifractality of the distribution of normalized
voltage drops v;. For the normalized voltage-drop distribution, (4.9), (4.11), and
(4.13) should be rewritten as

2k
ve=, (A.2)
(v?) = [623(1 + 2‘1)] , (A.3)
and
log [6%(1 + 2q)]
fg=——, (A4)

vlog?2

where the exponent Eq is defined by (v?) L. Comparing this to the definition of
the mass exponent 7(q), (u9) o« L~7@ [(4.18)], we have

log [623(1 + 2’1):|

1(q) =~ = e (A.5)
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The generalized dimension of the HRN model can be obtained from (A.5) and
4.24) as

2
log [6_‘1(1 + zq)}
Dj=—F5F———= A.6
4 v(l —g)log?2 (A.6)
This equation [or (A.5)] gives the information dimension D;(= D), the correlation
dimension D¢, (= D3), and the values of Dy,. The de 1’'Hopital’s theorem allows
us to write Dy as

d
D = lim —2. _ 9° (A7)
g—1 q— 1 dq g=1
and (A.5) gives
1 /1 log3
D =-(= . A.8
Ty (3 + log2> (A.8)
The value of D, is directly calculated from (A.6) as
18
log (;)
=7 A9
vlog?2 (A-9)
Equations (4.32) and (A.5) lead to
log 3
= &7 (A.10)
viog?2
and
log6
- 80 (A.11)
vlog?2

We can easily obtain the analytical expression for the correlation exponent z(g)
of the HRN model. From (A.5) and (4.62), z(g) is calculated as

2 1 2(1 +29)?
= - — 1 , A.12
«a) v vlog2 %8 + 2% ( )
where we have used the relation Dy = Dy = —t(0) = 2/v.

The multifractal spectrum f() for the HRN model is obtained as follows.
Corresponding to (4.33) and (4.34), we have for the normalized voltage drop,

v o< L%, (A.13)
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where

k
o <log6—;log2> , k=0,1,2,...,n). (A.14)

- vlog?2

Since o corresponds one-to-one to the index k, the number of bonds with voltage
drop v; can be expressed as N(«) = N(vk)), where N(vi,)) is equal to N(V;) given
by (4.10), namely,

N(vye) =2" (Z) , (A.15)

and k is a function of . From (4.6) and (A.15), the multifractal spectrum defined by

(4.36) is given by
(7))
o) = lim ————2=

n—oo  nvlog?2

1 1 n
= log2 4+ lim —1 . A.16
viog2 [og +nl>n<}on 08 (k):l ¢ )

The limit in the second term in (A.16) is calculated as follows. Using the definition
of the binomial coefficient and Stirling’s formula for n!, we have

1 1
lim — log (Z) = lim —{ log [v2ne_"n"+%]

n—oo n n—oon

— log [v 27te_kkk+%]

~ log [\/27re_("_k)(n - k)”’“%] } . (A.17)
Since k = 0,1,2,...,n, the range of k diverges as n — o0, so we introduce

a parameter & = k/n. This parameter £ takes a value in the range 0 < § < 1.
Eliminating k in (A.17) by using &, the limit n — oo is easily taken and we have

lim l1og (Z) = —£logé — (1 — &) log(l — &) . (A.18)

n—>oo n

Therefore, the exponent f{(«) given by (A.16) yields

fle) = [log2 —&logé — (1 — &) log(1 —§)] . (A.19)

vlog?2

The Lipschitz—Holder exponent « given by (A.14) can also be expressed in terms of

£ as

o= (log6 — £log?2) . (A.20)
vlog?2
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Replacing the parameter & in (A.19) by «, we have
1 1 log6 log 6
= - — — — 1 — — A21
fley = vlog2[ <log2 “”) 8 <log2 av) (A.21)

n log 3 ) log 3
av— —— Jloglav— ——} {.
log?2 & log?2

The Legendre transform of the mass exponent t(g) of the HRN model surely
reproduces the multifractal spectrum (A.21). From (A.5) and (4.45), the Lipschitz—
Holder exponent « is calculated as

1 2
log 6 — log2) . A22
viog2 (Og 1420 8 ) (A-22)

The Legendre transform of t(g) given by (A.5) leads to

29
T log 2‘1] . (A.23)

1
fla@l = ——= I:log(l +2%) +log2 — T

viog?2

Since g runs over the range (—o00, 00), the parameter & = 27/(1 + 27) takes a value
within 0 < & < 1. Using the parameter £ instead of g, (A.23) becomes

Sflo) ! log(1 + 2%) +log2 2 1 2 2 log(1 + 29)
= 0 og2 — 0 —
= Slog2 | B B T 20 By 1y 8
1
= log2 — &1 — (1 =& log(1 — . A.24
v10g2[0g Elogé — (1 —§log(l — )] (A.24)
The Lipschitz-Ho6lder exponent is found to be
1
a=———(logb—£&log2) . (A.25)
vlog?2

Equations (A.24) and (A.25) are the same as (A.19) and (A.20), respectively. We
therefore get the same expression for f(«) as (A.21) from the Legendre transform
of (q).

We see below that the multifractal spectrum (A.21) satisfies all general properties
of f(a), as discussed in Sect. 4.7. In the HRN model, o¢max and amin calculated from
lim,_, 1+, a2(q), Where a(q) is given by (A.22), are

Omax = w , (A.26)
vlog?2
log3

- ~ . A.27
Cmin . IOg 5 ( )

Substituting these values into (A.21), both f(otmax) and f(omin) are equal to 1/v.
This means that

1
fooo= o= (A28)
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Fig. A.1. (a) Mass exponent 7(g), (b) generalized dimension Dy, (¢) multifractal spectrum
f(), and (d) correlation exponent z(g) for the hierarchical resistor network (HRN) model.
Explicit expressions are given by (A.5), (A.6), (A.20), and (A.12), respectively. Dashed curves
represent profiles within the parabolic approximation. The dashed curve for t(g) is almost
completely covered by the solid line

where fi are defined by (4.66) and (4.73). The reason for the nonzero f_ or fuo
is that the number of bonds with the smallest or largest voltage drop in this model
depends on the system size L. Bonds with the largest or smallest voltage drop are
links or bonds belonging to the mostly nested blobs, respectively. As mentioned in
Sect. 4.1, the number of links L, is proportional to L'/¥, which implies that 1/v is
the fractal dimension of links. Since the number of bonds belonging to the mostly
nested blobs is the same as the number of links, 1/v is also the fractal dimension of
bonds with the smallest voltage drop. Since fo, and f_ are fractal dimensions of
the largest and the smallest measures, (A.28) is reasonable. The fractal dimension
of the support is calculated from —z(0) as

Dy = — . (A.29)
%
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This is, of course, identical to EB defined below (4.8). The value of g giving the
maximum value of f(«) can be obtained from (A.22) with g = 0 as

1
ag = & V2 (A.30)
viog?2

Substituting this into (A.21) gives f(ag) = 2/v = Dy, and (4.84) is confirmed. From
(A.22), the Lipschitz—Holder exponent «; corresponding to g = 1 is given by

1
a <log3 + 3 log 2) . (A31)

" vlog?2
The relation (4.87) [ f(«;) = )] can be directly confirmed by (A.21). Profiles of
1(q), Dy, f(a), and z(g) for the HRN model, whose explicit expressions are given by
(A.5), (A.6), (A.21), and (A.12), respectively, are shown in Fig. A.1. Dashed lines
in Fig. A.1 indicate the parabolic approximations to t(q), Dy, f(a), and z(g) for the
HRN model, whose explicit functional forms are obtained by substituting (A.29)
and (A.30) into (4.90), (4.91), (4.89), and (4.92), respectively.

B. Spectral Dimensions for Deterministic Fractals

In this appendix, we obtain analytical expressions for the spectral dimension dy of
the Sierpinski gasket and the Mandelbrot-Given fractal. The spectral dimension di
describes vibrational properties such as the density of states and the dispersion
relation, as well as diffusive properties such as the return probability and the mean-
squared displacement on a fractal system. Here, we derive the expressions for ds by
means of atomic vibrations with scalar displacements.

B.1 Sierpinski Gasket

The Sierpinski gaskets form a family of deterministic self-similar structures, which
can be constructed in any Euclidean dimension (see Figs. 2.2 or B.1 for 2D systems).
Their fractal dimension is known to be Df = log(d + 1)/log2. The equation of
motion for scalar displacement u; of particle 1 with mass m in Fig. B.1 is given by

mii =KZ(ui —uy), (B.1)

where K is the spring constant between nearest-neighbor particles, and the summa-
tion is taken over all the nearest neighbors of the site 1. The equation of motion
(B.1) can be rewritten as an equation for amplitudes of the eigenmode belonging
to the eigenfrequency w. Denoting such amplitudes in vibrations of uy, ..., Us by
X1, ..., X3, respectively, we have

A=—Dx1+x2+x3=-X>— X3, (B.2)
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Fig. B.1. The second generation of the 2D Sierpinski gasket. Symbols u; and U; denote
displacements of the vibrating sites they label. Symbols x;, X;, z;, and Z; represent eigenmode
amplitudes belonging to the eigenfrequency w at the sites they label

where A = @?/w} withwy = /K/m. Sites corresponding to x, . . . , X3 are depicted
in Fig. B.1. By the same procedure, we obtain similar relations for x; and x3,

X1+ @A —=Hxy+x3=-X3 - Xy, (B.3)
and

nN+nt+tGr-—-Hun=-X-X,. (B.4)
From (B.2)—(B.4), we obtain

20 =X+ (A - 6)(X2 + X3)

A =2)(A-5) ®-5)

Xy +x3=

Noting that X; = Z;, we have a similar relation to (B.5) for z; + z3, which is written
in the form

20 =HZi+ (A - 6)(Z2+ Z3)

2+tz3= G =2 =5) (B.6)
On the other hand, the equation for X is

AX; =4X; — (2 +x3+ 22+ 23) . (B.7)
Substituting (B.5) and (B.6) into (B.7) yields

NX =4X, — (Xo+ X3+ Zo + Z3) (B.8)

where

M =Aa5-1). (B.9)
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Equation (B.8) giving a relation between capital letters can be regarded as a renorma-
lized version of (B.7) with the renormalized frequency XA'. The relation (B.9) is valid
only for the 2D Sierpinski gasket. The general form of the renormalized frequency
A’ for a d-dimensional gasket is given by

AMN=rxd+3-1). (B.10)
At lower frequencies, i.e., A = w*/w} < 1, we obtain from (B.10)
0% = (d+3)? . (B.11)

If w is the eigenfrequency of the Sierpinski gasket of size L, the renormalized
frequency ' is that of size L/2, namely, @ = w(L/2). Thus, the relation (B.11)
leads to

o(L)2) = (d +3)w(L) . (B.12)
Assuming the dispersion relation w o« L% [(5.41)], the eigenfrequency satisfies

w(L/b) = bw(L) , (B.13)
where b is a scaling factor. Comparing (B.12) with (B.13) gives

_log(d+3)

B.14
2log?2 ( )

This is the exact expression for the exponent a for the dispersion relation of the
Sierpinski gasket. _
Using the relation a = Dg/d; from (5.44), where D¢ = log(d + 1)/log?2 for

the Sierpinski gaskets, we obtain the spectral dimension d, of the d-dimensional
Sierpinski gasket as

5 2logd+1)

* 7 log(d +3) (B.15)

We see from (B.15) that the upper bound of d for the Sierpinski gaskets is 2.
This upper bound is a general result for fractal systems in which renormalization
treatments are applicable. It should be noted that the three dimensions, d, Ds, and
ds, calculated for the Sierpinski gasket family are ordered according to

d> D¢ > ds . (B.16)

B.2 Mandelbrot-Given Fractal

For the Mandelbrot-Given fractal, it is difficult to apply similar arguments to eva-
luate the value of d,. This is because sites in the Mandelbrot—Given fractal are not
equivalent to each other, while all sites except for apexes of the whole triangle are
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R(L)

Fig. B.2. The second generation of the
Mandelbrot—Given fractal. The registance of the
R(L) Mandelbrot—Given fractal of size x is R(x)

<

equivalent in the case of the Sierpinski gasket. Thus, we will have different renorma-
lized frequencies depending on the choice of renormalized site. Using an alternative
method, however, the analytical expression of JS for the Mandelbrot—Given fractal
is easily obtained as follows. We first calculate the resistance of the » th generation
of the Mandelbrot—Given fractal (see Fig. B.2). Assuming that the resistance of the
(n — 1) th generation of size L is R(L), the resistance of the n th generation of size
3L is given by

RGL) = 14—1R(L) . (B.17)

If we denote R(L) o L%, we have

_ log1l —log4

B.18
log3 ¢ )

This exponent ¢ can be related to the diffusion exponent d,, through the Einstein
relation
O4c X nD (B.19)

where oy is the dc conductivity, n the particle density, and D the diffusion coefficient.
Since diffusion on fractals is anomalous, D depends on time ¢. From the relation
(r2(#)) o t¥/9% [(5.15)], the effective diffusion coefficient D defined by (r2(¢)) o Dt
is given by

D o /1 (B.20)
At times satisfying (r2(f)) &~ L2, the diffusion coefficient becomes
Do L (B.21)

The density » in (B.19) is proportional to the density of sites, i.e.,
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noc L0 (B.22)
Therefore, (B.19) becomes

0ge O L2 dwtDr—d (B.23)

On the other hand, the conductivity oy is related to the conductance G and the
resistance R by

L2—d
o4 = L7746 = —— (B.24)
R
The relation R o< L* gives
Oge o L7478, (B.25)
Comparing (B.23) and (B.25), we obtain the scaling relation
dy=D;i+¢. (B.26)

Since ¢ is given by (B.18) and D¢ = log 8/ log 3 for the Mandelbrot-Given fractal,
the diffusion exponent dy, is expressed as

- log 22
d, = 2822 (B.27)
log3
Therefore, the spectral dimension defined by (5.19) is given by
< 2log8
d,=——-—=1345... . B.28
*7 log22 ( )

To summarize, the spectral (or fracton) dimension can be obtained exactly for
deterministic fractals. In the case of the d-dimensional Sierpinski gasket, the spectral
dimension is expressed by (B.15), which is always less than 2. For the Mandelbrot—
Given fractal, d, is given by (B.28). It should be noted that the value of the spectral
dimension d for the Mandelbrot—Given fractal is close to ds & 4/3 for percolating
networks, in addition to the similarity of the fractal dimension Dys. This is because
the Mandelbrot—Given fractal has a nodes—links—blobs structure, as in the case of
percolating networks.

C. Diffusion and Dynamics on Networks

The diffusion of a random walker on a network is described by the master equation

dp;
= =2 wi(Pi— P, (C.1)
J#
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where P; is the occupation probability of the diffusing particle on site i, and w;;
is the probability that the diffusing particle hops from site i to j, with the relation
w;; = wj;. Introducing new quantities W;; defined by W;; = w;; if i # j and
Wi=-Y i Wijs the master equation (C.1) can be written as

dP;
DI (C2)
J

From the definition of W;, we have

J

which guarantees the conservation of the transition probability.
If we consider a conducting network with conductance G;; of the bond (ij), we
have an equation for RC circuits taking the same form as (C.1), i.e.,

dv;
— =2 Gy(V;= Vi), (C4)
J#

C

where V; is the voltage at site i and C the capacitance. This relation comes from the
current conservation law (Kirchhoff’s equation), because the current /; coming into
the site i is
=% _ o2V ok

A T dt ©3)
where g; = CV; is the charge at site i. The similarity between (C.4) and (C.1)
implies that the problem of the RC circuit can be reduced to the diffusion problem
described by the master equation. As seen from this example, the master equation
plays a key role in understanding many types of dynamics in network systems. We
give below detailed relations between diffusion and atomic vibrations, spin waves,
and superconducting properties.

C.1 Atomic Vibrations

The equation of motion for atomic vibrations with scalar displacements is given by

I',i,' = ZKijuj N (C6)
j

where u; is the displacement of the atom at site /, and K;; (i # j) is given by
Kij = k;j/m;, with k;; the spring constant connecting two atoms at sites i and j and
m; the mass. The diagonal element K;; is obtained from the condition for the balance
of forces at site i,

> Ky=0. (C.7)
J
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(6)) (b)

Fig. C.1. Equivalence between (a) diffusion and (b) atomic vibrations on a network. The
relation satisfied by the occupation probability P; of a diffusing particle is given by (C.2), and
the relation satisfied by the displacement «; of the atomic vibration is given by (C.6), which
takes the same form as (C.2), except for the order of the time derivatives

This reflects the translational symmetry of the system, i.e., the uniform translation
(u; — u; + ug) gives rise to no additional energy. Note that the difference between
(C.2) and (C.6) is only of the order of the time derivatives. This indicates that these
equations are equivalent as eigenvalue problems. This statement is expressed by the
following correspondence between derivatives and eigenvalues:

d
= -0, (C.8)
and
-—d2 - —w* Cc9
i —w” . (C9)

Figure C.1 shows the corresponding relations between diffusion and atomic vibra-
tions on a network.

The equivalence between (C.2) and (C.6) relates the return probability of a
diffusing particle to the spectral density of states of atomic vibrations. The Laplace
transform of (C.2) is

wPy(w) =) W;Pj@) = P0), (C.10)
j
where ﬂ(a)) is defined by
Pi(w) = f ” P:(He “dr . (C.11)
0

Taking the initial condition as
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P:(0) =60, (C.12)

Pi(w) represents the Green function of the master equation (C.2). The spectral
density of states D (w) for (C.2) is given by [C.1,C.2]

D(w) = —%Im Py(—w +10T) . (C.13)

This relation can be understood by considering the partial differential equation for
continuous diffusion given by

OP(x, 1)  3°P(x, ) _
o xz

where P(x, ?) is the probability of finding a particle at position x and time ¢. The
diffusion constant is assumed to be unity. Under the initial condition

0, (C.14)

P(x,0) =8(x) , (C.15)

corresponding to (C.12), the Laplace transform of (C.14) becomes
- 3% .
wP(x,w) — —P(x,w) = 8(x) . (C.16)
ax2

The function P(0, w) is the Green function of the diffusion equation (C.14). The
Fourier transform of (C.16) yields

1

where I1(k, w) is the~F0urier transform of IS(x, ) with respect to x. Using I1(k, w),
the Green function P (0, w) can be expressed as

PO, w) = / ” Ik, w)dk . (C.18)

From (C.17), the function IT(k, —w + i0™") is written as

Mk, —w+i0") = Toxid ins(w — k?) , (C.19)
The relation (C.18) thus gives
1 -
D(w) = ——Im P(0, —w +i0") . (C.20)
T

Here the definition of the spectral density of states D(w) = ), §(w — k%) has been
used. We expect a similar relation to (C.20) to hold for the master equation describing
diffusion on a discrete lattice. We thus have (C.13). A rigorous derivation of (C.13)
is presented in [C.1]. The relationship between time derivatives and eigenvalues
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[(C.8) and (C.9)] gives the spectral density of states D(w?) for the atomic vibration
as D(0?) = D(w). Hence,

1 -
D(w?) = —=Im Py(—w® +i0™) , (C21)
T
or, using the relation D(w?)dw? = D(w)dw with do? = 2wdw,
2 -
D(w) = — —Im By(—e? +i0) . (C22)
T

The relation (C.21) [or (C.22)] shows that we can calculate the spectral density of
states for the atomic vibration with scalar displacements from the Laplace transform
of the return probability Py(f) of the corresponding diffusion problem.

It is also possible to relate eigenmodes of (C.6) to P(r, ¢) in the diffusion problem.
We denote the orthonormal eigenvector for the dynamical matrix {K;;} in (C.6)
belonging to an eigenfrequency w; by ¥}, where X is the index of the eigenvalue.
An arbitrary displacement u;(¢) can be expanded as

wi(t) =y Cale™, (C.23)
A

where Cj, is an expansion coefficient. Here we impose the initial condition
u,(O) = 51'() . (C24)
From (C.23), we have

ui(0) =Y Gy} (C.25)
A

Multiplying (C.25) by 1//1-’\/ and carrying out the summation over i, the coefficient C;,
is given by

Cr =15 . (C.26)

Here we have used the relation (C.24) and the orthonormality condition
S YAy = 8;,. Substituting (C.26) into (C.23) yields

ui () = Z YowleT M (C.27)
A
Similar arguments for the corresponding master equation (C.2) lead to

Py =) yawle il . (C.28)
A

If the system is isotropic, the ensemble-averaged P; () becomes a function of ¢ and
the radial distance r between the site i and the origin. In this case, (C.28) gives
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Pt =Y ga(ne i, (C.29)
A

where ¢, (r) is the ensemble average of 1,//3 f, ie., ¢y (r) = (1//3 1//;\). The summation
over A in (C.29) can be replaced by integration with respect to w, by introducing the
spectral density of states D(w), and we obtain

o0
P(r, 1) = / D(@)d(r, )" dw . (C.30)
0
We should note that D(w) is normalized to unity.

C.2 Spin Waves in Diluted Ferro- and Antiferromagnets

Spin waves in magnets provide another example of dynamics equivalent to particle
diffusion. The Heisenberg Hamiltonian for a spin system is written as

1
H= E;JierSj, (C31)

where S; is the spin angular momentum at site i and Jj; the exchange integral.
This Hamiltonian describes ferromagnets when J;; < 0 and antiferromagnets when
Jij > 0. Elementary excitations of this spin system are collective spin deviations
called spin waves or magnons when quantized. The collective motions are rotations
of spin directions around the directions of ordered spins. To describe this rotational
spin motion, we introduce the quantities S = S¥ % iS?, whereby the Hamiltonian
becomes

1 1
H=> Z Jij [E(S,.*Sj— +875) + S§S§] ) (C.32)
i,j

This Hamiltonian leads to the Heisenberg equation

ast 1
ih— = =
o 2

S a{ist 578y + 57871+ 187, s3] ©33)
J#L

Using the relations [S;, S; 1= 28;S; and [S7, Sj.c] = £8;S; in (C.33), we have the
equation of motion for spin waves

., aStH
ih—1 = > J(SESE— S8 . (C.34)
J#
If the amplitude of spin waves is small, namely, S7, S ~ S, we can replace 7

by § for the ferromagnetic case. Thus, (C.33) can be approximated by a linearized
equation of the form
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ihﬁ = (ST =5 (C.35)
o T TR '
J#i
where ji; = SJ;;. This equation is equivalent to (C.1).
For antiferromagnets, we replace S¢ = S used in (C.35) by §¢ = 0,5, where
o; = —1 for down spins and o; = 1 for up spins. We then have the linearized
equation of motion for antiferromagnetic spin waves

+
ih% =0, Z JiST+8h). (C.36)
J#i
We should note how this differs from (C.35), i.e., there is a prefactor o; in (C.36)
and the second term on the right-hand side has a different sign. This is crucial when
characterizing the difference between spin waves in diluted ferromagnets and in
antiferromagnets.

C.3 Superconducting Networks

It is now possible to fabricate superconducting networks with the advent of modern
microfabrication. An example is the superconducting fractal network. The linea-
rized equation describing superconducting states in networks is derived from the
Ginzburg-Landau free energy, as shown below [C.3].

The order parameter A(r) of a superconductor is a pair potential or a local energy
gap. The free-energy density can be expanded in terms of A(r) as

2

b
F=F0+H|A(T)|2+§|A(T‘)|4+C ., (C37)

2¢A
a (—ihV + %) A(r)

where A is the vector potential and @ is a unit vector along a bond. Provided that
A(r) is small at T — T, or H — H,,, we can neglect the term proportional to
|A(r)|*. The equilibrium equation is obtained from the condition § [ Fdr = 0 as

A 3 2
_AQ (i—— - K> As) =0, (C38)
- as
where « = 2et1-A/(hc), s = @-r, and SS_CZ = —a/c. Substituting the solution

A(s) = f(s)e ™ into (C.38), we have

82
_J; (S;Z) a]; © _y. (C.39)

From this equation, the solution of (C.38) becomes
A(s) oc e (/5w 4 fe/e) (C.40)

We consider the boundary conditions A; (i) = A; and A;;(j) = A;, where A; (i) is
the order parameter at the terminal site i on the bond (ij). These boundary conditions
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guarantee matching A(s) at the nodes. Using these conditions to determine « and 8
in (C.40), we have

Ajji(s) =1A C4l
IJ(S) { ! sin 9,'1' / sin 9,'1' ( )

where l,'j is the length of the bond @i, 91‘]’ = l,'j/%‘sc, and Vi = /;.j K,‘jds ~ Kl'jlij.
We impose Kirchhoff’s law at node i. This is given by

.0 )
Z (lg — K,'j) A,-j(s) =0. (C42)
Jj# Y i
Substituting (C.41) into (C.42), we have
A; 1 Ajei
- t0; + — =0. CA43
&sc ZCO ot Esc Z sin 6;; ( )
J# J#
Using the trigonometric relation tan(x/2) — (1/ sinx) = — cot x, we can rewrite this
equation as
m;A;
— l2 ! = Zdll(nl]A/ - Al) N (C44)
sc J#i
where
mj = elti | (C.45)
1
dij=——, C.46
! Esc sin gij ( )
and
1
m; (C.47)

T ey, tan;/2)

Equation (C.44) is the basic equation for superconducting networks.

If the magnetic field is absent, the quantity 7;; becomes unity. In this case, (C.44)
takes the same structure as the eigenvalue equation for network vibrations. The
corresponding relations between superconducting networks and elastic networks are
summarized as

A,’ —> U ,
dij — Ky ,
m; —> mass ,

and

1/.*32 —> eigenvalue .

The equivalence between these problems implies that superconducting properties of
networks can be understood by solving the corresponding diffusion or vibrational
problems.
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D. Wigner Distributions

Here we derive the Wigner distribution functions (9.32)—(9.34) for Hamiltonians be-
longing to the Gaussian orthogonal ensemble (GOE), the Gaussian unitary ensemble
(GUE), and the Gaussian symplectic ensemble (GSE). An arbitrary Hamiltonian H
belonging to the GOE, the GUE, or the GSE is mapped onto a Hamiltonian H' in
the same ensemble by an orthogonal, unitary, or symplectic transformation. Hence,
these ensembles are invariant under such transformations. This invariance can be
written as

R(H)dH' = R(H)dH , D.1)

where R(H)dH is the probability that the Hamiltonian H has its matrix elements in
the volume elementdH = [];_; dH;. Since the matrix elements of H are statistically
independent, the probability density R(H) can be written as

R(H) =[] fy(Hy) , (D.2)

i<j

where fj; is a function of a single matrix element. A mathematical consequence
drawn from (D.1) and (D.2) is that the probability density (the matrix-element
distribution function) R(H) should take the form [D.1]

R(H) = exp(—atrH* + ptrH + y) , (D.3)

where « is a real positive constant and 8 must be real. y is determined by the
normalization condition.

Let us find the level-spacing distribution function P(s) for the extended regime.
The random matrix theory gives precise forms of P(s) for the GOE, the GUE, and
the GSE after mathematical manipulations. Here, we calculate P(s) by reducing the
order of Hamiltonian matrices, which approximates P(s) well without mathematical
complexity. The quantities ¢ and g in (D.3) are fixed as o« = 1/2 and B = 0,
for simplicity. We start with the GOE. In this case, the general form of a random
Hamiltonian matrix with the smallest order is a 2 x 2 real symmetric matrix

H=<r1+r2 r3 ) ’ (D.4)

r3 ry —r

where ry, rp, and r; are real constants. Using (D.3), the distribution function of the
matrix elements is then given by

1
R(H) = Y exp [—(rl2 + r% + r% ] . (D.5)

On the other hand, the difference between two eigenvalues of H, i.e., the level
spacing A(H), is

A(H) =2\/r5+7r}. (D.6)
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Thus, the probability density P(A) that the level spacing A(H) coincides with A is
given by

P(4) = f RCDS[A — A(H)] dH

1 [o.¢] [e¢] o0
=—5 / m/oj exp[—(r{ + 13 +13)] (D.7)
T —o0/ —oo/ —c0
e (A — Z,Ir% + r32> dridrdrs .

Using the 2D polar coordinate for integrals over r, and r3, we have
A
P(A) = Eefﬁ‘z/“ . (D.8)

The mean level spacing A for this distribution functionis A = [ AP(A)dA = /7.
Therefore, the level-spacing distribution P(s) is found to be

P(s) = %se‘mz/“ , (D.9)

as a function of the rescaled level spacing s = A/ A, and this gives (9.32). This
function is certainly zero at s = O due to level repulsion. For s <« 1, P(s) is
proportional to s.

Next, we calculate P(s) for the GUE. The general form of a Hamiltonian matrix
with the smallest order is a 2 x 2 complex Hermitian matrix:

H= (’1 Tt ’3+1’4) , (D.10)
r3s —1rq ¥y —nrn

where ry, ry, r3, and r4 are real constants. The distribution function R(H) and the
level spacing A(H) are given by

1
R(H) = — exp [-(ri+r3+r3+1r])] . (D.11)

and

AH) =2\/r3+ri+12. (D.12)

Using 3D polar coordinates for the integrals over ry, r3, and r4 in P(A) =
J R(H)[A — A(H)] dH leads to

2
P(A) = ;‘_ﬁe—ﬂz/“ . (D.13)

Since the mean level spacing A becomes 4/./7, the distribution P(s) is given by

32
P(s) = 5%, (D.14)
b4
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This is the Wigner distribution function for the GUE, which is proportional to s2 for
s < 1.

Finally, we give the function P(s) for the GSE. In this case, each energy level
must be twofold degenerate (Kramers degeneracy). Thus, in order to examine the
level spacing, at least a 4 x 4 Hamiltonian matrix should be considered. The general
form of a 4 x 4 self-dual Hermitian matrix can be written in the form

ri+nr 0 ry+iry rs+irg
0 ri+ry —rs+irg r3 —ir
H= ,ormir T e iy A (D.15)
r3y—iry —rs —irg ri—r 0
rs —irg ry +irs 0 ry—rn
where r|, r;, . .., rg are real constants. The distribution function is

3 6
R(H) = (;) exp (—2242) ) (D.16)
i=1

Two pairs of eigenvalues among four of the Hamiltonian H are twofold degenerate.
The level spacing between these two pairs is given by

(D.17)

The level-spacing distribution function P(A) can be calculated from

3,00 6 6 6
P(A) = (%) / exp <—2Zr3> sfa-2 Y 72 [[an. ®18)
- i=1 i=2 i=1

The integration with respectto r;, r3, . . ., r¢ can be performed by the polar coordinate
transformation

S 8
/Hdr,- = —7t2/drr4 ,
i=2 3

and we have

1 /2
P(A) = =,/ S A% 42 (D.19)
3V

Since the mean level spacing of this distribution is

- 3 /2
A

)

8V
the distribution function of s is given by

P(s) = <_8_)6S4 exp <_ﬁsz) (D.20)
37 97 ’

This is the Wigner distribution function (9.34) of the GSE, which is proportional to
s* for s « 1.
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