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DIA 1 
For this presentation I will first expose some concrete possibilities of fractals in the field of town-
planning. After that, Gilles Vuidel will present different methods for measuring the fractality of urban 
patterns. His presentation will be based on the use of a software dedicated to fractal analysis. 
 
 

Pianificare la città frattale 
Defence plea for using fractal geometry in town planning 

 
 
I begin my speech with a very basic question, that is: 
planning the development of a city: what supposes this job? 
 
DIA 2 
It supposes first to create and imagine planning rules which fit-in with some guiding 
principles. These principles are on a political nature. They can be for example the urban 
functional mixity or the spatial equity. 
 
Planning the development of the city supposes too to define planning rules, laws and plans. 
Because the defined rules and laws should have the expected results, the requirement of a best 
understanding of the urban development process is very high. DIA 3. Especially, it requires 
to: 

- show relations between spatial behaviour of people (what people want and what 
people do. Whish and acts of people) and location choices (modification of urban 
pattern) 

- show relations between town-planning policy and the urban patterns resulting 
- separate facts coming from self-organisation (individual behaviours) and results of 

town-planning policy. 
 
DIA 4 
In the framework of the use of fractal geometry in order to best understand the urban 
development process, we necessarily concentrate on the morphological aspects of the urban 
development process. 
DIA 5. Hence it supposes to deal with geometrical problems.  
As Pierre already said to you two main geographical references exist: an ancient one: the 
Euclidean geometry and a more recent one: the fractal geometry. 
These two approaches are not exclusive, but complementary. 
 
DIA 6 
Now on a morphological point of view, what is interesting for town planning? 
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• The question of the use of some forms (circle, square, Sierpinski carpet…) to answer 
some planning arrangements.  To give an example, the advantages and the 
disadvantages of dense, compact city versus split, sprawled city.  

• The question of which  process generate which forms 
In fact, beyond these two questions the aim is to answer other more crucial questions such as: 
how to control urban sprawl while answering the fundamental wishes of people (extremely 
good access to central amenities and to green areas). 
 
 
More concretely, three possibilites exist that make morphologic analysis of urban patterns be 
very useful for urban planning (DIA 7): 

- Describe the morphological characteristics of urban patterns 
- Traduce planning rules in a geometrical way 
- Simulate urban growth 

For each of these 3 possibilities whether Euclidean or fractal geometry can be applied. 
 
DIA 8 
1/ Describe the morphological characteristics of urban patterns 
Through a morphological description of urban patterns we mean the characterization of the 
form of the built-up areas. That is to measure how things are arranged the ones with regard to 
the others. 
The way of making the morphologic description of urban pattern useful for town planning is 
the following one: 

1/ Each urban pattern can be described by a set of morphological indicators 

2/ Each indicator corresponds to a set of properties 
(accessibility to some amenities, consumption of ground space…).  

3/ Then it is possible to define the urban patterns properties of any city. 
In this way morphological indicators can be used as planning tools. For example, if you know 
that a given indicator should be close to the value “three” to preserve the accessibility to green 
areas for a maximum of people, then you can define precise planning rules on the base of this 
indicator. 
 
DIA 9. Two main tools may be used for describing urban patterns: density measures and 
fractality measures1. 
Of course, at the present time only the density measures (and not yet the fractal measures) are 
usually used as planning tools, but the possibilities of fractals are in this way real.  
I will now briefly explain why fractal measures are complementary to density measures. 

                                                 
1 Other measures exist too, such as segregation indicators or spatial autocorrelation measures, but they are not 
really morphologicones. Différence entre forme et structure 
Pourtant, il y a une métrique derrière l’autocorrélation spatiale. 
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DIA 10. A density measure is a ratio. Thus it depends crucialy on the numerator and 
denominator values. That’s why it’s possible to calculate a great number of density measures 
according to: 
- the geographical space, 
- the surface unit 
-and the statistical indicator taken as references, 
- and also the way of formalising  the ratio quantity per surface unit. 
On a conceptual point of view, using density measures for town planning supposes to accept 
the idea that the number of individuals per surface unit should be limited to a threshold 
beyond which overpopulation is reached. Such a threshold mostly refers whether to the 
available ressources per surface unit or to psychologic factors. Hence, used in this way the 
density measures are an indicator of the ecologic capacity of a socio-economic systems. The 
main problem is that this principle can hardly be applied to the case of town planning: more 
than the level of density it’s the uncontrolled character of an overpopulation situation which 
can make a situation unbearable. This is one limit of the density measures. 
A second one is that density refers to homogeneous spatial distribution of elements, which is 
not the case of fractal measures. Density measures may of course be completed by indicators 
measuring the unequal distribution of elements in a surface. These indicators measure in fact 
the distance with a situation of equal distribution and suppose a linear relation (a 
proportionnality) between population and surface. But this linear relation is mostly not 
verified: very often the most populated units are smallest than the less populated ones2. 
At last, density measures are not well suitable for a dynamic approach of the urban structures. 
In the opposite fractals return more directly to a dynamic conception of the urban space 
structuring. 
The interest of the density measures should however not be denied. They are well-known 
indicators which allows to deal with interactions between forms and structures, perhaps 
because they have been much explored by searchers coming from different scientific 
branches. 
 
DIA 10 
2/ Traduce planning rules in a geometrical way.  
That is conceive urban development plans and land-use plans, which can follow whether a 
fractal construction principle or a Euclidean construction principle. For example, the fractal 
form called “teragone” can be use to minimise the loss of accessibility to CBD when 
maximise the gain of accessibility to urban border. 
 
DIA 11 
3/ Simulate urban growth (urban sprawl) is interesting to: 

- test some hypothesis concerning the rules that guide the urban development process 
(give examples) 

                                                 
2 … Ce qui fait que les indices de concentration donnent des résultats différents selon l’échelle géographique à 
laquelle ils sont calculés … Et ils donnent en outre, pour une même échelle, des résultats différents selon le 
nombre d’unités spatiales considéré. 
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- help planners in their decisions (Warning: imagine scenarios, but not predict the 
future). Required because of the complexity of the subject 

In that field of application the contribution of fractals is dual. 
Fractals can be used to control the results of simulations: they help to say if the results are 
realistic or not. Fractals can also be used as based principles to generate fractal forms3. 
 
 
Now I dont’ know if you remember the under title of my presentation. It is “Defence plea for 
using fractal geometry in town planning”. Indeed I will now synthetise the [DIA 12] possible 
contributions of Fractals if the field of town planning. 
 
Why use fractal measures? 
…Because land use patterns don’t fit with the laws of Euclidean geometry: 

- they are non homogeneous, 
- the mathematical relation between perimeter and surface don’t fit with the laws of 

Euclidean geometry 
- urban patterns are fragmented, shredded, 
- internal organisation principle of the urban patterns is often hierarchical 

 
DIA 13 …Because the properties of fractal objects are the same as the properties of urban 
patterns: 

- Spatial distribution of elements follows a hierarchical law. This property is really 
interesting. For example, the hierarchising of networks allows to concentrate the flows 
on the main transport axis. Therefore, fractal networks allows to imagine easily 
solutions to optimise urban tranportation networks. 

- Second property: Repetition of the same distribution principle of elements at a 
multitude of scales. The same spatial distribution mode isn’t the same form (that’s 
only the case for theoretical patterns such as Sierpinski carpet or Fournier’s dust). 
Repetition of the same distribution principle means the same way of alternating free 
and occupied points and not the repetition of the same form. We know that to a 
specific spatial distribution of activities corresponds a specific way of people acting on 
this space. For example, the very lengthening (extension) of the urban border results of 
the fact that every people leaving in a suburban area want to live close to a green area. 
Another example is the fact that the hierarchical organisation of green spaces 
corresponds to the spatial behaviour of the residents: lots of small proximity squares 
for a daily frequentation, larger but rarer areas which can receive occasionally more 
people. Thus connect in a fractal manner different logics of spatial distribution of 
activities can be very useful for town planning. 

- Third property: Existence of clusters at each scale. It means that the spatial 
distribution of occupied points is intrinsically non-honomeneous: local concentrations 

                                                 
3 Cellular automata. DLA Models. 
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of occupied (built-up) points exist. A fractal is thus, like a city, neither dense nor 
diluted. 

- Fourth property: The homogeneity exists as limit case of the fractal geometry. 
 
The identification of these potentialities of the fractal geometry for the analysis of the urban 
patterns leads to a dual questioning: 

• Which properties of the urban patterns could be revealed by which measures of fractal 
dimensions? 

For example if the border of a city is characterised by a very high fractal dimension, it 
means that this border is full of tentacles, the very extension of the border of this city 
allows the access to free spaces (mostly green spaces and roads) for fast all the buildings.   
• What traduce these properties in terms of individual behaviours? 
For example, the very high number of tentacles of an urban border could mean that every 
people try to settle the nearest as possible from a green area and then, that they try to 
preserve this situation by avoiding that other people settle here and “amputate” their 
proximity to the green area (for that, they could lobbying to organise their resistance). 
 
Answering these two questions could allow to identify types of city or urban patterns with 
well identified properties. It would be then possible to applied these results in town 
planning, mainly by favouring the development of one type of urban patterns instead of 
another one. 
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Now Gilles Vuidel will present different methods for measuring the fractality of cities. As 

base of this presentation, we have a software called Fractalyse. This software has been 

developped by Gilles Vuidel directed by Pierre Frankhauser in the frame of a contractual 

work for the French Ministry of the Public Works. 

 

 

 
Different methods for measuring fractality of cities 

 

Measuring the fractality of a city comes to analyse urban patterns and networks, on the base 

of fractal geometry. Such a work implies three main goals: 

- First, the verification of the existence of a hierarchy. 

- Second, the identification of thresholds in the spatial organisation of the city. 

- Third the determination of the number of spatial distribution principles that may be 

observed in a structure. That is deal with the multifractality, the heterogeneousness of 

an urban structures. 

 

I’ll present to you the software Fractalyse, which has been developped especially to measure 

the fractality of cities. Fractalyse contains a lot of functions. In this presentation, we are going 

to concentrate on the main function : the measure of fractal dimension. To measure fractal 

dimension, the software has different methods. Whatever the chosen, the principles are always 

the same : 

 

1) As base, we have a raster image of an urban pattern. This image is made of two types 

of pixels (small squares): black pixels for representing built-up areas and white pixels, 

which represent non built-up areas (free spaces). 

2) The analysis go step by step following an iteration principle. At each iteration step, the 

analysis consists in counting the number of black pixels (built-up pixels) contained in 

a counting window. From one step to the following one, the size of the counting 

window is enlarged. Thus we artificially change the analysis level of the image. So, 

for each analysis we have two elements varying according to the counting step 

(iteration step) (i): 

- the number of counting elements (which is mostly the number of black pixels) (N) 

- the size whether of the counting window or of the reference element (ε). 
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3) Then, we obtain a serie of points that can be represented on a two dimensions graph. 

The Y-axis corresponds to the number of counting elements (N) and the X-axis 

corresponds to the size of the counting window or to the size of the reference element 

ε, with ε increasing from step to step. 

4) On a mathematical point of view, the series of points is a curve (named the empirical 

curve). The next stage of the analysis is to try to make fit this empirical curve with 

another one, the estimated curve. For doing this, we impose the constraint that the 

estimated curve follows with a fractal law. 

5) If the empirical curve follows a fractal law, it is then possible to calculate the fractal 

dimension of the studied pattern. The exponent D of the estimated curve give us the 

fractal dimension. 

 

 

 

Let us now present different possibilities to analyse the fractality of urban patterns: 

- two ways of measuring the fractal dimension of urban surfaces, 

- and two ways of measuring the fractal dimension of urban borders. 

Each analysis corresponds to a specific method for counting the number of elements at each 

iteration step. In a simplest manner, we could say that each analysis corresponds to a method 

for counting the number of black pixels at each iteration step. 
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Radial analysis : local fractal dimension 

We choose a point (i.e. a counting centre) from which we begin the analyse. It can be for 

example a point in the town centre of Besançon. A square (or circle) is drawn around this 

point, which size increases gradually at each step of the analysis. At each step the total 

number of occupied (black) points inside the square is counted. Thus, we obtain a distribution 

of points which is represented on a two dimensions graph. The Y-axis represents the number 

of counted points (N) and the X-axis represents the length of the square side ε = (2i+1). 

The radial analyse gives local information on the studied pattern. The local character of this 

type of analysis means it can be used for detailed investigation of urban land-use patterns by 

comparing the results obtained for different counting centres. 

 

Rem : the counting window can be a square or a circle. NOTE à part pour plus 

d’explications. 

 

To choose the start point : select it with the mouse, enter the coordinate or calculate the 

barycentre. 

 

How to estimate fractal dimensions? 

If an urban structure is fractal the series of counted points takes the form of a power law 

(parabolic or hyperbolic). Y = xd or y = x-d 

But, because an image isn’t a pure fractal (it’s not a continuous function but a discrete and 

finite function), we can only approximate the fractal law. Thus, we don’t use directly the 

fractal law Y = xd but a generalisation of it: y = axd + c. With such a goal function y = axd + c, 

we obtain very good estimations. The software use this function by default, but the user can 

also choose other functions: y = axd, y = xd +c. 

These other functions are useful to best understand the role of the parameters a and c in the 

estimation. 

In order to estimate the function y = axd + c we have to estimate two new parameters a and c. 

To ensure that the Fractalyse finds the best approximation, the software performs the 

estimation with two different methods. The first one is based on the use of partial derivate 

whereas the second one is based on evolutionary strategies (that is, genetic algorithms). In 

most cases, the two methods give exactly the same results. 
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The quality of the estimation is quantified using a statistical coefficient: the correlation 

coefficient. The more the coefficient is near to one the best the estimation is. 

 

The curves of scaling behaviour 

Each point of the curve of the scaling behaviour represents a local fractal dimension 

calculated for the corresponding couple of contiguous points of the empirical curve. The local 

slope variations of the correspond to local changes of the fractal dimension. 

It helps to see brutal change of the fractal dimension. It can be useful to segment the empirical 

curve into different portions of similar fractal behaviour. Thus, the curve of the scaling 

behaviour is especially useful for identifying and measuring changes in the spatial 

organisation of urban patterns. 

 

Calculation of the global fractal dimension of the image: correlation and dilation 

analysis 

 

Correlation analysis 

The correlation analyse is close to a radial analyse extended to all the points of the image. 

Each point of the image is surrounded with a small squared window. The number of occupied 

points inside each window is counted. Then, the mean number of points per window is 

calculated. The same operation is applied for increasing size windows. 

As result of the analyse, the X-axis of the graph represents the size of the side of the counting 

window ε = (2i+1). The Y-axis represents the mean number of counted points to a window. 

Because the correlation analyse considers the simultaneous presence of two points at a certain 

distance, the correlation dimension is a second order dimension. In a multifractal dimension 

(point of view) this correlation dimension is the first of a series of three, four or more points. 

 

 

Dilation analysis 

Each black pixel is dilated. That means each occupied point is surrounded with a black 

border, which size increases at each step of the analyse. 

Thus, at the first iteration step each pixel is surrounded by a border of one pixel wide. 

Before the first iteration the reference element (also nammed “structuring element”) was the 

pixel. At the first dilation, the reference element is then a square of 32 (three to the power of 

two) pixels size. 
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At the second iteration step, each each pixel is surrounded by a border of two pixels wide. The 

structuring element is then a square of 52 (five to the power of two) pixels size. And so on… 

As the size of the squares gradually increases, the details smaller than the size of the 

structuring element are overlooked. Thus, we gradually obtain an approximation of the 

original form. 

The dilation analyse consists in counting the number of structuring elements required for 

covering the black part of the image at each iteration step. For that the whole black surface is 

divided by the surface of the dilated pixel (2i+1)2. 

The results are represented on a graph, which X-axis represents the length of the side of the 

dilated pixel ε=(2i+1), and which Y-axis corresponds to the number of structuring elements 

required for covering the whole black surface of the image. 

The fractal dilation dimension (also called the Minkowski dimension) is obtained on the base 

of the estimated curve. The dilation dimension is a first order dimension. 

 

At any step of the dilation analysis, we can extract the borders of the black part of the image. 

It’s then possible to calculate the fractal dimension of these borders using the correlation 

analysis. 

So we can compare area and border fractal dimension. 

 

Gaussian convolution 

When the border is reduced to a single curve, we can apply another analysis: the gaussian 

convolution. 

Contrary to the other analysis, the gaussian convolution is applied on a curve and not on an 

image. 

At each iteration step, the curve is more and more smoothed. In this case, the structuring 

element (which increases at each iteration step) is the variance of the gaussian function used 

to smooth the curve. 

The X-axis represent the variance of the gaussian function and Y-axis the length of the curve 

(expressed in number of points) divided by the variance. The parameters of this analysis are 

the number of step and the maximal variance (in pixel). The difference with dilatation and 

correlation analysis is that the border is transformed to a parametric curve. 
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Cécile… 

 

… Well, I give you now some precisions about fractal dimensions: 

- In the case of analysing building surfaces, the more the fractal dimension is high 

the more the pattern is homogeneous. A fractal dimension which tends to 2 

characterises a built-up area of a quasi Euclidean nature4. 

- In the case of analysing urban borders, the higher the fractal dimension is the 

more the border is tortuous, heterogeneous and presents tentacles of very different 

size. A fractal dimension which tends to 2 characterises a border which so covers 

the space that it’s close to a surface. 

 

Gilles Vuidel exposed to you how to obtain 4 fractal dimensions. But in fact, it’s possible to 

calculate a multitude of fractal dimensions for a city. 

- Other analysis exist such as the radial analysis or the box counting. 

- It’s possible to segment the curves (obtained by each analysis) into different parts 

and to calculate the fractal dimensions of each of these parts. 

- It’s also possible to segment an image in different areas of similar fractal 

behaviour and to calculate different fractal dimensions for each of these areas. 

Finally, you can see that a town can be characterised by a multitude of fractal dimensions, 

which have to be confronted to define the main features of the fractality of this town. 

At present time, one of the main stake of the research in the field of fractal is to turn to 

account this multitude of fractal dimensions. Searchers have to determine some simple rules 

which allow to classify urban patterns according to their fractality. Therefore, fractals could 

be used for concrete applications in town planning. 

                                                 
4 Car mesure fractale de la lacunarité des surfaces est abordée par défaut. 


